SOME RESULTS ON THE NAVIER-STOKES EQUATIONS IN THIN 

3D DOMAINS 



DRAGOS. IFTIMIE AND GENEVIEVE RAUGEL 

on 

Q\ ' Abstract. We consider the Navier-Stokes equations on thin 3D domains Q e = £1 x (0, e), 

supplemented mainly with purely periodic boundary conditions or with periodic bound- 
ary conditions in the thin direction and homogeneous Dirichlet conditions on the lateral 
boundary. We prove global existence and uniqueness of solutions for initial data and forc- 
ing terms, which are larger and less regular than in previous works. An important tool 
in the proofs are some Sobolev embeddings into anisotropic L p -type spaces. As in [ p5| , 
better results are proved in the purely periodic case, where the conservation of enstrophy 
property is used. For example, in the case of a vanishing forcing term, we prove global exis- 
tence and uniqueness of solutions if — M)uq\\ h i/2(q^ exp^^e^^llMuoll^Q )) < C 
for both boundary conditions or || Muo\\h 1 (q s ) < Ce _/3 , || (A/ ^0)3!! z, 2 (Q e ) < Ce 13 , — 
M) u o\\h 1 / 2 (q c ) ^ Ce 1 / 4- ^/ 2 for purely periodic boundary conditions, where 1/2 < s < 1 
and < < 1/2 are arbitrary, C is a prescribed positive constant independent of e and 
M denotes the average operator in the thin direction. We also give a new uniqueness 
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i criterium for weak Leray solutions 
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1. Introduction 

As is well-known, the Navier-Stokes equations describe the time evolution of solutions 
of mathematical models of viscous incompressible fluids. From the mathematical point 
of view, global existence of weak solutions is known to hold in every space dimension. 
Uniqueness of weak solutions is known in dimension 2 (see |18[). In dimension 3, to obtain 
global existence and uniqueness, one has to assume additional regularity and smallness 
assumptions on the initial data and the forcing term. A natural question is how to use 
the good properties of the 2D Navier-Stokes equations to improve the uniqueness and 
regularity results for the 3D equations, when the domain is thin. In this paper, we consider 
the existence and uniqueness of solutions of the Navier-Stokes equations in thin three- 
dimensional domains Q e = Q x (0,e), where Q is a suitable bounded domain in IR 2 and 
e is a small positive parameter, < e < 1. We do a detailed study of this question in 
the case of two types of boundary conditions: the purely periodic condition (PP) and the 
periodic-Dirichlet boundary condition (PD), that is, periodic condition in the thin vertical 
direction and homogeneous Dirichlet conditions on the lateral boundary Ti = Q x (0, e). 
When (PD) boundary conditions are considered, we assume that Q is a regular domain in 
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IR 2 , while, in the case of the (PP) boundary conditions, Q = (0,h) x (OJ2), where h, I2 
are positive numbers. Our results also hold for other types of boundary conditions, such 



as those considered in ]27[ (See remarks |1.2| , |1.3| and |1.4| ). 

The study of the Navier-Stokes equations on thin domains originates in a series of papers 



of Hale and Raugel 
equations on thin domains 
developed in 
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concerning the reaction-diffusion and damped wave 
In thin three-dimensional domains, inspired by the methods 
141), Raugel and Sell (@, p5| ) proved global existence of strong 



solutions for large initial data and forcing terms, in the case of the boundary conditions 
(PP) and (PD). As in []12 |, an essential tool in their proof is the vertical mean operator M 
(see ( |1.17|) ), which allows to decompose every function g on Q e into the sum of a function 
Mg which does not depend on the vertical variable and a function (I — M)g with vanishing 
vertical mean and thus to use more precise Sobolev and Poincare inequalities. Later, in 
the case of Dirichlet boundary conditions, Avrin |lj showed global existence of strong 
solutions of the Navier-Stokes equations on thin three-dimensional domains for large data, 
by applying a contraction principle argument and carefully analyzing the dependence of 
the solution on the first eigenvalue of the corresponding Laplace operator. The analysis in 
the case of Dirichlet boundary conditions in a thin domain is simpler, because the size of 
the first eigenvalue is of order e~ 2 and thus the above decomposition is of no use. Next, 
using the same tools as Raugel and Sell as well as improved Agmon inequalities, Temam 
and Ziane (|27|], p5| ) generalized the results of p4] , p5| to other boundary conditions and, 
in the case of the free boundary conditions, to thin spherical domains. In the periodic case, 
Moise, Temam and Ziane (see ||22fl ) proved global existence of strong solutions for initial 
data, that are larger than in [25|. Also in the (PP) case, using anisotropic spaces, Iftimie 



15] showed existence and uniqueness of solutions for less regular initial data and proved 



that initial data uq with larger (J — M)uq part could be taken. Finally, in the same case, 



Montgomery-Smith |23j gives global existence results, which are not contained in |22| . 

In this paper, we improve the previous existence and uniqueness results in two directions, 
by requiring less regularity on the initial data and by allowing a larger size of the initial 
data and forcing term. We also emphasize the importance played by the third component 
of the vertical mean value of the data. For instance, in the (PD) and (PP) cases, we show 
that, for any real number 7, < 7 < 1/2, there exists a positive constant K 1 such that, 
for < e < 1, if the initial data w an d forcing term / satisfy 



I Mm 



o||l 2 (q £ ) 



sup||MP e /(t)|| L 2 (Qe 

t 



sup 

t 



M)PJ(t)\\ L , m < K^llneW 



where A £ is the Stokes operator and P £ is the Leray projection, then the Navier-Stokes 
equations have a global solution u 6 C°([0, +00); (L 2 (Q £ )) 3 ), which is unique in the class of 
weak Leray solutions. In the purely periodic case, one can also choose 7 = 1/2; furthermore, 
in this case, assuming that Muq is more regular, we obtain global existence of a solution 
u in C°([0, +00); (i? 1 / 2 (Q e )) 3 ), which is unique in the class of weak Leray solutions, if, for 
instance, u and / satisfy 



\Al /2 (Mu )\\ 



l 2 (q s ) + sup \\MP £ f(t)\\ L 2 (Qs) < k e' 
t 
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\\Mu 03 \\ L , m + snp\\A^ 2 (MP £ f 3 (t))\\ L , {Qs) < koe? , 

t 

sup\\(I-M)P £ f(t)\\ L * m < k e- 3 ^ 2 , 
t 

\\A\I\{I - M)u )\\ L > {Qe) < k e^\ 
where < /3 < 1/2. These results are stated more precisely in the theorems |1.2| 



and [0| below. To obtain these existence results, we at first show sharp estimates of the 
nonlinear term appearing in the Navier-Stokes equations by working in the anisotropic 
Sobolev spaces L p,p (Q £ ) = L P (Q;L P (0, e)), for p ^ p' and also by taking into account 



commutator properties. In the purely periodic case, like in [25], we use the conservation of 
enstrophy of the variable Mu(t) = (Mui(t), Mu 2 (t), 0). But, unlike [25], we work directly 
in the domain Q £ , that is, we do not rescale the domain Q £ to a domain of thickness 1. 

We recall that the Navier-Stokes equations in the bounded domain Q £ are given by 

d t u — uAu + (u ■ V)w + Vp = f , 

(1.1) divw = , 

u(-,0) = u , 

where V is the gradient operator, A is the Laplace operator, / is a forcing term and 
u(x,t) = (ui,u 2 ,u 3 )(x,t), p(x,t) are the velocity vector and the pressure at point x = 
(xi,X2,Xs) and time t respectively. We assume that the viscosity v is a fixed positive 
number. Here these equations are mainly supplemented either with the periodic-Dirichlet 
boundary conditions (PD) or with purely periodic conditions (PP) on dQ e . In the (PP) 
case, we require in addition that the data uq and / have a vanishing total mean value, that 
is, 

(1.2) / u dx = [ fdx = . 



In order to describe our results more precisely and write the Navier-Stokes equations 
in an abstract form, we need to introduce some notation. For m G N, we denote by 
H m (Q £ ) the Hilbert space {g G L 2 (Q £ ); J2 0< \j\ <m (J Q jD j g\ 2 dx) < +00} equipped with 
the classical norm 1 1 • 1 1 . For m < s < m + 1, we denote by H S (Q £ ) the interpolated 
Hilbert space [H m (Q E ), H m+1 (Q £ )]g, where 9 = s — m and we endow this space with the 
standard norm || • ||#». As usual, H°(Q £ ) is denoted by L 2 (Q £ ) and ||<?||l 2 = (Jq g 2 dx) 1 ^ 2 . 
Likewise, for m > 0, we introduce the space H™(Q e ), which is the closure in H m (Q £ ) of 
those smooth functions that are periodic in Q £ , and, for m < s < m + 1, we introduce 
the interpolated Hilbert space H s p (Q £ ) = [H™(Q e ), H™ +1 (Q £ )} e , where 9 = s - m. We 

also define the spaces Hp(Q £ ) = jg G Hp(Q e ); f Q g{x)dx = j. The spaces H s p (Q £ ) and 

Hp(Q £ ) can be described in terms of Fourier series; for k in the integer lattice Z 3 , we set 
ka = (fciai, k 2 a 2 , k 3 a 3 ), where a\ = l^ 1 , a 2 = l 2 , «3 = and we write 

(1.3) g(x) = e -1 / 2 \fa\a 2 g k exp(2inka ■ x) , 
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where g% E~R, g k = g^u and = e 1 / 2 v /aia 2 J Q exp(— 2inka-x)dx. Then, (7 G Hp(Q £ ) 

is in the subspace H^{Q £ ) if and only if #(0,0,0) — 0. The usual norm ||<7||j?-a and semi-norm 
\g\H s on Hp(Q e ) can be expressed as follows 

(1.4) = ^(i + H 2 ) s |^| 2 , \g\ 2 HS = M 2s \g k \ 2 , 

and the semi-norm | • \h" is actually a norm on the subspace H^{Q £ ). We now define the 
operator A p = A, with domain D(-A p ) = H 2 {Q £ ). Clearly, for < s < 2, D((-A p ) s l 2 ) = 
Hp{Qs) and the semi-norm || ■ || s = ||(— A p ) s l 2 ) -\\ L 2 is a norm on H°(Q £ ), which is equivalent 
to the norm \ ■ \h s , with constants independent of e. 

In the (PD) boundary case, we introduce the space H d (Q £ ), which is the closure in 
H 1 (Q £ ) of those smooth functions that are periodic, of period e in the vertical direction 
and have compact support in Q x [0,e]. We then define the operator A^ = A, with 
domain D(—A d ) = {g G H}{Q £ )-/\g e L 2 (Q £ )}. Clearly, ^((-A,) 1 ^) = H\(Q e ). For 
< s < 2, we thus introduce the space H^(Q e ) = D((— Ad) s ' 2 ) equipped with the graph 
norm || • || s = \\(-A d ) s / 2 ) ■ \\ L 2. We recall that, for < s < 1/2, H s d (Q E ) = H S (Q £ ) and 
that, for 1/2 < s < 2, H^{Q e ) = {g E H s (Q e ); g = on Ti ; g periodic in the variable X3} 
(see |]11|). The case s = 1/2 is more delicate but here we do not need to characterize this 
space. For details on this question, we refer to pj|j . 

Below, when there is no confusion, we denote by X s the space Hp(Q £ ) or H^{Q e ). Using 



Fourier series in the vertical direction or arguing as in pl| , one shows that there there 
exists a positive constant Co > 1 such that, for all g G X 2 

(1-5) c^\\g\\ 2 < El|^||i 2 ) 1/2 < c \\g\\ 2 , 

j=0 

which implies, by interpolation, that there exists a constant C\ such that, for all g G X s 
with < s < 2, 

(1-6) (Miff* < ci||5-|| s , 

Since we are dealing here with vectors, we introduce the spaces (H s (Q e )) 3 , (H^(Q e )) 3 , 
(Hp(Q E )) 3 as well , etc., equipped with the corresponding norms and semi-norms. For the 
abstract setting of the Navier-Stokes equations, we classically consider a Hilbert space H £ , 
which is a subspace of (L 2 (Q £ )) 3 and depends on the boundary conditions. In the (PP) 
case, H £ = H p denotes the closure in (L 2 (Q £ )) 3 of those smooth vectors u that are periodic 
in Q £ and satisfy 



(1.7) / u(x)dx = 0, divu = . 

In the (PD) case, H £ = H d denotes the closure in (L 2 (Q £ )) 3 of those smooth vectors u 
that are periodic in the vertical direction, have compact support in Q x [0, e] and satisfy 
divu = in Q £ . The classical subspaces 

V £ = V p = H p r\{Hl{Q £ )) 3 = {«G {Hl{Q £ )f-divu = 0} , 

V £ = V d = H d n(H d (Q £ )) 3 = {u G (H d (Q £ )) 3 ;divu = 0} , 
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are also useful. If ((•,•)) denotes the inner product on V £ , we introduce the Stokes operator 
A £ as the isomorphism from V £ onto the dual V' e of V £ defined by 

(A £ u,v) v ,y e = ((u,v)) , VveV e . 

One can also extend A £ as a linear unbounded operator on H £ . The domain D(A e ) = 
{u G V £ ; A £ u G H £ } is exactly the space (H 2 (Q £ )) 3 fl K, in the (PP) and (PD) cases that 
we consider here. If P £ denotes the orthogonal (Leray) projection of (L 2 (Q £ )) 3 onto H £ , 
the Stokes operator A £ is given by 

A £ u = -P £ Au, Vw G D(A £ ) . 

Furthermore, in the cases (PP) and (PD), the Cattabriga-Solonnikov inequality holds uni- 
formly in e, that is, there exist positive constants c 2 = C2(fi) > 1 and C3 = c^^Q) > 1, such 
that, for < e < 1, for any u G -D(A e ), 

(1.8) 

3=2 3=2 

ca 1 ^!!^!!^) 172 < ^IIAwl^ < \\A £ u\\ L2 < c 2 \\Au\\ L 2 < c 3 (^ P%||i 2 ) 1/2 . 

3=0 J=0 

In the (PP) case, the property ( |1.8| ) directly follows from ( |1.5| ), since then A £ m = —Au, for 
all it G D(A e ). In the (PD) case, the inequality (|1.8|) is proved, as in f2"lfl , by extending u by 
periodicity to the domain Qi = Q x [0, 1] and applying the known Cattabriga-Solonnikov 
inequality in Q%. 

For < s < 2, we denote by V* the space D(A S J 2 ), equipped with the natural norm 
|| ■ ||v;s = I • | s = \\A S J 2 ■ \\ L 2. Arguing as in and using (|lT8|), one shows that, for < s < 2, 
D(A S £ 2 ) = (X s ) 3 fl H £ and that there exists a constant C4 > 1, such that, for < s < 2, 

(1.9) c^\\(-A)^ 2 u\\ L 2 < \\Afu\\ L 2 < c 4 ||(-A) s / 2 M || L2 , \/u G V7 . 

For < s < 1, we also consider the dual space V~ s = D(A £ s/2 ) of D(A S J 2 ), endowed with 
the dual norm \u\- a = sup 2gl / s 2 _^ ((m, z)v^,vj\z\ s ). 

Finally, let B £ be the bilinear form on V £ defined, for (m 1 ,-u 2 ) G V £ x V^, by 

(B £ (u l ,u 2 ),u 3 ) V ' V£ = (ux- V)u 2 ■ u 3 dx Vm 3 G K . 



In order to simplify, we assume, in the whole paper (except in Theorem |L2|) , that the 
data Mo and / satisfy the conditions 

(1.10) M e V* for some s , < s < 1 , / G L°°(0, +00; ff £ ) . 

In Theorem |T~72| , we shall suppose that / G L 2 (0, +00; if £ ). The Navier-Stokes equations, 
supplemented with the boundary conditions (PP) or (PD) can then be written as a differ- 
ential equation in V' E : 

d t u + vA £ u + B £ (u, u) = P £ f , 
u(-,0) = u . 

Here d t u denotes the derivative (in the sense of distributions) of u with respect to t. 

We now recall three classical existence results of solutions to ( |1 . 1 1| ) (see ||, M, M, JT7[ , 
g, [0, @, . . . ), which are valid if /belongs to L°°(0, +00; H E ) or to L 2 (0, +00; H e ): 
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• (PI) For uq G H £ , there exists a solution u of (|1.11|) (not necessarily unique), such that 
(1.12) u G LL([0, +oo); V £ ) fl L°°(0, +00; ff e ) n Lf/ c 3 ([0, +00); 

and, for all < t < +00, 



;i.i3) 



K*)ll 



L 2 



2i/ 



A solution u of fll.ll ) satisfying ( 1.12 ) and (|1.13|) is called a weak Leray solution. 

• (P2) For uo G V £ , there exist a time T e = T £ (Q £ , u, uq, P £ f) and a unique solution u of 
(PH ), such that 

(1.14) u G LlM T £ ; )V £ 2 ) n L£([0, T e ); K) H C°([0, T £ ); V e ) . 
Such a solution is usually called a strong solution of (|1.11|) . 

1 /2 

• (P3) For « 6 14 ' , there exist a time T e * = T*(Q e , u, u , P £ f) and a unique solution -u 
of fll.llD , such that 

(1.15) u g lL([o, r;) ; k 3/2 ) n l?J[q, t;) ; k 1 / 2 ) n g°([o, t £ *) ; v; 1 /^ 



Furthermore, using a classical small data argument like in 
that, if 



for instance, one shows 



(1-16) P^oll^ + supll^-^pj^n^ < Ce i/2 t 

s 

where C is independent of e, then the solution u of ( [1.11 ) is global in time, that is, 

t; = +00. 

Here, we improve this global existence result as well as those of P~5" 



and |27|. Before giving the precise statements, we need to define the mean value operator 
M in the vertical direction: 



;i.i7) 



(Mf)( Xl ,x 2 ) 



if 

£ Jo 



f{x 1 ,x 2 ,s)ds WfeL 2 (Q £ 



We extend this operator M G £(L 2 (Q e ); L 2 (Q £ )) to an operator in C((L 2 (Q £ ) f; (L 2 (Q £ )) 3 ) 
by setting Mu = {Mm, Mu 2 , Mu 3 ), for any vector u G (L 2 (Q £ )f. Clearly, M and I - M 
are orthogonal projections in L 2 (Q £ ) and (L 2 (Q £ )) 3 and commute with the derivations Di, 
for % = 1,2,3. Moreover, MH £ C H £ . Using these properties and the fact that P £ is an 
orthogonal projection onto H £ , one shows that 

MP £ u = P £ Mu , Vw G (L 2 (Q £ ) 3 , 



(1.18) 
which implies that 
(1.19) 



MA £ u = A £ Mu , Vm G D(A £ 



One directly deduces from (|1.19|) that M also commutes with the operator A s e , for s > 0. 

The Navier-Stokes equations can now be rewritten as a system of equations for v = Mu 
and w = (I — M)u 

d t v + vA £ v + MB £ (v, v) + M5>, w) = MP £ f , 

(1.20) 



u(-,0) = Mu 



• 
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and 

dtw + vA £ w + (/ - M)(B £ (v,w) + B E {w,v) + B e (w,w)) = (I - M)PJ , 

(L21) W(;0) = (I-M)uo . 

In the case of the (PD) and (PP) boundary conditions, we show the following results. 

Theorem 1.1. Let Eq > be fixed. For any nonnegative numbers a, (3, 7, 5, with < 
P < 1, < 7 < 1/2, < 5 < 1/2, there exists a positive constant = K*(a, f3, 7, 5) such 

1 /2 

that, for < e < eq, if the initial data (Muq, (I — M)uq) G H £ xV £ and the forcing term 
/GL°°(0,oc;(L 2 (Q £ )) 3 ) satisfy 

\\Mu Q \\ L 2 < K*e~ a+l/2 , |(/-M)«o|i/2 < , 

(L22) sup||MP e /(t)|| x2 < K^ +1 ' 2 , sup || (I -M)PJ(t) \\„ < K,e-^ 2 \]ne\^ , 
t t 

and the additional condition 
(1.23) 

I (J - M)u \l /2 + e 2 sup || (/ - M)P e f(t)\\b expK^ie-^sup \\MP £ f(t)\\ L ^ 1+ A 
t t J 

x exp K;\s- 1/2 \\Mu \\ L 2) 2(1+ ^ < K* , 

then the equations ( \L.llJ admit a global solution u G C°([0, +00); H e ) H L 2 OC ([0, +00); V £ ) H 
Hl oc ([0, +00); Vj/), which is unique in the class of weak Leray solutions. Moreover, (I — 
M)u G L°°(0,oo;K 1/2 ) n Lf oc ([0, oo);V £ /2 ) and the estimates and (tfjflj ) hold, f 

t > 0. 



or 



Remarks 1.1. i) In the particular case a = (3 = 0, the condition ( |1.23| ) always holds, 
provided the constant K* is small enough. The proof of Theorem |1.1| shows that the 
conditi on (|1.23j ) can be replaced by a weaker hypothesis (see ( f4.24| )). In particular, if 
7 = 0, (|1.23|) can be replaced by the following weaker condition 

\{I - M)u \ 2 1/2 + £ 3 sup || (/ - M)P £ f(t)\\h expiCV 172 sup \\MP £ f{t) \\^) 2{1+S) 

t t 

x expir-^e-^llMMoll^) 2 ^ < . 

ii) In the case of periodic boundary conditions, we can set 5 = 0, (5 = 1, 7 = 1/2 in 
the hypothesis ( 1.22| ). Moreover, the limitation on ||Mito||z,2 disappears and the condition 



( |1.23| ) simply writes 

(1.24) (j(J - M)u \ 2 1/2 + e 2 sup ||(7 - M)P £ f(t)\\ 2 L2 expTC^ 1 sup \\MP £ f(t)\\ 2 L2 



This improvement will be explained in Remark O . 

iii) Applying the Poincare inequality ( |2.1| ) to the term (I — M)uq, we easily see that the 
above theorem still holds if, in the conditions ( 1.22 ), (|1.2cS| ), \{I — M)u \i/ 2 is replaced by 

e^Kl - M)uo\i. 
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The above theorem has already been proved in [[HJ, in the frame of anisotropic spaces 



and Littlewood-Paley theory, in the particular case of periodic boundary conditions and 
vanishing forcing term /. 

Remark 1.2. We also improve the results of |IJ in the case of homogeneous Dirichlet bound- 
ary conditions, by requiring less regularity on the initial data uq. In this case, we introduce 
the Laplace operator A^ = A, with domain D(— Add) = {g G Hq(Q £ ); Ag G L 2 (Q £ )}, 
where Hq(Q £ ) is the closure in H l {Q £ ) of those smooth functions that have compact sup- 
port in Q £ . For < s < 2, we define the space X s = D({-A dd ) s / 2 ) equipped with 
the norm || • || s = || {-A dd ) s ' 2 • || L2 . If H £ = {u G (L 2 (Q £ )) 3 ; divu = 0; u ■ v £ = 0on<9Q £ }, 
V £ = {u E H £ ; u = 0ondQ £ }, where v £ is the outer normal to the boundary dQ £ , we define 
the corresponding Stokes operator A £ with domain D(A e ) = {u G V £ ; A £ G H e }. From J7I, 
it follows that D(A e ) = (H 2 (Q £ )) 3 n V £ . Arguing as in [pTjl , one shows that the Cattabriga- 
Solonnikov inequality (|1.8|) holds uniformly in e and that the inequalities ( |1.9|) are still 
true. We remark that the first eigenvalue of —Add (respectively A £ ) is of order e~ 2 , which 
implies that the Poincare inequalities ( |2.1|) and ( |2.2|) hold, with (I — M)f replaced by /. 
Hence, the decomposition u = Mu + ( I — M)u is of no use. Replacing simply w by u and 



v by in the proof of Theorem 1.1, one shows that there exists a positive constant K such 



that, for < e < e , if u G V £ ' 2 and / G L°°(0, oo; L 2 (Q £ )) satisfy 

(1.25) |«o|i/ 2 <K, sup \\P £ f(t)\\ L 2 < Kb- 3 ' 2 , 

t 

then the equations ( P-.llj ) admit a global solution u G C°([0, +oo); H £ ) fl L°°(0, oo; V"^ 2 ) fl 
L Z 2 OC ([0, oo); V £ ^ 2 ), which is unique in the class of weak Leray solutions. Moreover, there 
exists a positive constant C independent of e, such that, for t > 0, 

(1.26) Kt)| 2 /2 < exp(-^- 2 t)| Mo | 2 / 2 + ^ 3 sup||(/-M)PJ(t)||i 2 . 

t 



Remark 1.3. As in |27| , if Q = (0, /i) x (0, 12), we can consider the Navier-Stokes equations 
fll.lfl, supplemented with the (DP) boundary conditions, that is, homogeneous Dirichlet 
boundary conditions on r„ = (Q x {£3 = 0}) U (Q x {x^ = e}) and periodic conditions in 
the variables xi, x%- As before, one defines the corresponding spaces X s , H £ , V £ and the 
corresponding Stokes operator A £ . The inequalities (|1.8|) and (|1.9|) still hold. Thus, like in 
Remark |1.2| , ones proves that there exists a positive constant K such that, for < e < Eq, 
if u G V £ and / G L°°(0, 00; L 2 (Q £ )) satisfy the conditions ( |1.25| ), then the equations 
mp admit a global solution u G C°([0, +00); F £ ) n L°°(0, 00; I4 1/2 ) n ^ 2 oc ([°> °o); 1/ e 3/2 ), 



which is unique in the class of weak Leray solutions, and the estimate ( |1.26| ) holds. 

We now assume that the forcing term Pf belongs to L 2 (0,oo; (L 2 (Q £ )) 3 ), which is a 
rather strong requirement. But, in this case, we can remove every smallness assumption 
on the data Muq and MPf(t), provided the data Wq and (J — MP)f(t) are small enough. 

Theorem 1.2. Let e$ > be fixed. For any positive number 5, < 5 < 1/2, there exists a 
positive constant K = K{8) such that, forO < e < Eq, if the initial data (Muq, (I-M)uq) G 
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H e x V^ 2 and the forcing term f G L 2 (0, oo; (L 2 (Q £ )) 3 ) satisfy 
\(I - M)u \ 2 1/2 + e j( \\{I-M)P E f{r)f L ,dr 



s- l \\Mu \\ 2 L2 +e- 1 J \\MP £ f(r)\\ 2 L2 drj < K 



then there exists a global solution u G C°([0, +00); H e )r\Lf oc ([0, +00); V £ )f)Hl oc ([0, +00); V £ ) 
of which is unique in the class of weak Leray solutions. Moreover, (I — M)u G 



L-(0,oo;K 1/2 )nLL([0,oo);^ 



If, for instance, in Theorem |1.1| , we want to choose Muq of order e e , for 9 < 1/2, we 
need to assume that (/ — M)uq and (I — M)P £ f are exponentially small functions of e. 
However, in the case of the (PP) boundary conditions, these drastic restrictions become 
much milder. In the theorem below, we split the vector field v = Mu into two parts 

(1.28) Mu = Mu + M(u 3 ) = (Mui,Mu 2 ,0) + (0,0,Mu 3 ) , 

and set v = Mu. In the proof, we use the conservation of enstrophy for the vector field v. 

Theorem 1.3. Let Eq > be fixed. There exist positive constants k\, k2, k 3 , k^ and k§ 

1 /2 

such that, for < e < Eo, if the initial data (Muq, (I — M)uq) G V p x V p and the forcing 
term f G L°°(0, 00; (L 2 (Q £ )) 3 ) satisfy 

\Muo\r < k l£ - 1/2 , |(I - M)« |i/2 < k 2 

(L29) sup \\MP £ f(t)\\ L 2 < k^ 1 / 2 , sup ||(J - M)P £ f(t)\\ L2 < fce" 1 , 

t t 

and the additional condition 
(1.30) ^ 
Ao = (\Muo\i + sup \\MP £ f(t)\\ L2 + s-^Kl - M)u \\ /2 + e^ 2 sup ||(J - M)P £ f{t)\\ 2 L ^ 

x (||MK3)|| L2 +sup|M(P e /) 3 (t)|- 1 ) < h , 

then the equations ( \L.llJ admit a global solution u(t) G C°([0, 00); Vp 1 / 2 ) nL°°(0, 00; Vp 1 / 2 ) H 
L 2 OC ([0, 00); Vp/ 2 ), which is unique in the class of weak Leray solutions. Moreover, Mu 
belongs to the space C°([0, 00); V p )nL oo (0, 00; V p )nLf oc ([0, 00); V 2 ) and the estimates ( fO^ 
and ( \5.43{ ) hold, for every t > 0. 



Remark 1.4. Similar existence results hold, if one considers the Navier-Stokes equations 
( |1.1|) , supplemented with the (FP) boundary conditions, that is, with the free boundary 
condition 

(1.31) u 3 (x 1 ,x 2 ,x 3 ) = , d X3 Uj(x 1 ,X2,x 3 ) = , j = 1,2 , x 3 = 0,e , 

and periodic conditions in the variables x\, x 2 . As before, one defines the corresponding 
spaces H £ , V £ and the Stokes operator A £ . In the proofs of Section 2, one also needs to 
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define the spaces X s , which are now different for Uj, j = 1,2 and u$. Since u 3 (xi, £2, 0) = 
Us(xi,X2,e) = 0, one introduces the following mean value operator M FP on H £ , 

M FP u = (Mux,Mu 2 ,0) , Vw G H £ . 

Then, one easily checks that the theorems |1.2| and |1.3| are still true, if the operator 
M is replaced by the corresponding operator M FP . Remark that, since M FP (0, 0, u 03 ) = 
M FP (0,0, (P £ f)3) = 0, the additional condition ( |1.30|) disappears. The proof of Theorem 
|1.3| in the (FP) case is actually much simpler than in the periodic case, because the term 



v 3 is zero. Also in the (FP) case, Theorem L3 improves the corresponding result of [27]. 



In Theorem 571 of Section 5 , we shall give another global existence and uniqueness 
result, involving the L p -norm of M%. As a direct consequence of Theorem |1.3| , we obtain 
the following simple corollary: 

Corollary 1.1. Let e > be fixed. There exists a positive constant ko, such that, for 

1 /2 

< e < e , for < (5 < 1/2, if the initial data (Mu , (I — M)u ) 6 V p x V p ' and the 
forcing term f G L°°(0, 00; (L 2 (Q e )) 3 ) satisfy 

(1.32) _ 

|M« |i + sup||MP £ /(t)|| i2 < koe- 13 , sup\\(I-M)PJ(t)\\ L2 < k^l^l 2 , 
t t 

iMuoali + sup \\MPJ 3 (t)\\ L 2 < koe- 1 / 2 , \\Mu 03 \\ L 2 + sup \MPJ 3 (t)\^ < k e p , 
t t 

and 

(1.33) |(/-M)n | 1/2 < koe 1 ^ 2 , 

then the equations admit a global solution u(t) G C°([0, 00); V p 1 ^ 2 ) nL°°(0, 00; V p 1 ^ 2 ) H 

L Z 2 OC ([0, 00); V p ^ 2 ), which is unique in the class of weak Leray solutions. Moreover, Mu 
belongs to the space C°([0, 00); V p )nL°°(0, 00; V^)nL 2 oc ([0, 00); V 2 ) and the estimates (\5.33j) 
and ( \5.43j ) hold, for every t > 0. 

Applying the Poincare inequality ( |2.2| ) to (/ — M)w , we at once get the following global 
existence result: 

Corollary 1.2. Let Eq > be fixed. There exists a positive constant ko, such that, for 
< £ < Eo, for < (3 < 1/2, if the initial data uq G V p and the forcing term f G 
L°°(0,oo; (L 2 (Q £ )) 3 ) satisfy the conditions and 

(1-34) |(/-Af)«o|i < koE- 1 ^ 2 , 

then the equations have a unique global strong solution u(t) G C°([0, 00); V p ) fl 



Remark 1.5. In [^|, it has been proved, in the (PP) case, that there exists E\ > such 
that, for < e < S\, the equations ( |1.11| ) admit a unique global strong solution u G 
C°([0, 00); V £ ), if the data satisfy the following conditions, where 5 is a small positive 



10 



constant, 



(1.35) 



or 



|M« |i + sup||MP e /(t)|| L2 < Ce 5+7/2A , 

t 

1(7 - M)u U < Ce 5 - 5 ^ 8 , sup ||(/ - M)P s f(t)\\v < C ^' 2 

t 

|Mu |i < Ce 5 ~ 1/32 , sup || MPJ(t) \\ L 2 < Ce 5 ~ 1/1G , 

t 

1(7 - M)uo\i < Ce 5 - 1 / 8 , sup ||(7 - M)P e f(t)\\& < Ce^ 2 

t 

|| Mu 03 + sup || MP e f 3 (t) || L 2 < k e . 



;i.36) 



In | Z2]| , Moise, Temam and Ziane have shown that, in the (PP) case, there exists £\ > 
such that, for < e < £i, the equations ( |1.11| ) admit a unique global strong solution 
u G C°([0, oo); V e ), if the data satisfy the following conditions, where 5 is a small positive 
constant, 



1.37) 



|M Mo |i + sup||MP £ /(t)|| L2 < Ce 5+1 / 6 , 
t 

|(7 -M)u \ 1 + sup ||(7 -M)P £ /(t)|| L2 < Ce 5 - 1 '* . 



Choosing (3 = in Corollary |1.2| , one at once sees that the conditions (|1.32|) and ( pL .34] ) allow 
larger data than the hypotheses ( |1.35| ), ( |1.36| ) or ( |1.37| ). Finally, Corollary [L2| improves 
as well the results of ||23|| , where global existence and uniqueness are proved under the 
assumption \uq\i + sup t ||P E /(t)||^ < C, for some constant C. 

An outline of the paper is as follows. In order to estimate the quadratic term in ( |1 . 1 1| ) , 
we prove some auxiliary inequalities in Section 2. Section 3 is devoted to a uniqueness 
result. In Section 4, we give the proofs of the theorems and |1.2| . Section 5 contains the 



proofs of the theorems |L3| and |5^ 

In the sequel, we shall write A and P for the operator A £ and the projection P £ . The 
constants K,Ki, . . . and C, Ci, . . . will always denote positive constants, that are inde- 
pendent of e. We recall that we denote the spaces 77^ or 77j by X s , when no distinction 
concerning the boundary conditions is necessary. 



2. Auxiliary estimates 



In ( 1.17| ) we have introduced the mean value operator M G C(L 2 (Q £ ); L 2 (Q £ )) and ex- 
tended it to an operator M G £((7 2 (Q e )) 3 ; (7 2 (Q £ )) 3 ), by setting Mu = (Mm, Mu 2 , Mu 3 ). 
This operator M allows to decompose every function / G L 2 (Q £ ) into / = Mf+ (I — M)f, 
where Mf is a function of X\ and x 2 only and (7 — M)f satisfies the following Poincare 
inequality 

(2.1) 

||(7 — M)f\\ L 2 < K \\(I-M)f\\ HS < K e s \\(I-M)f\\ s , \/f G X s , < s < 2, 



n 



where K , K are independent of s, f and e (see WM, [O, for instance). We notice that 



the constant K in the inequality ( |2.1[ ) can be chosen so that 

(2.2) M)u\\ L 2 < K e s \(I- M)u\ 8 , Vn G K/, 0<s<2. 

These inequalities will be often used below. 

We shall also need the following classical Poincare inequalities, for < s < 2, 

(2.3) ||u|| L 2 < n s \\u\\ s , Vu G X s , 
and 

(2.4) \\u\\ L 2 < fx s \u\ s , Mu G V e s , 

where /io is a positive constant depending only on Q. 

We denote by L q,q (Q e ) = L q {Q;L q (0,e)) or simply L 9,9 the space of (classes of) func- 
tions m such that ||w|| L q,<j' = IHMI^' ^ ^\\L q ,(n) is finite, where x' = {x\,X2). Of course, L q,q 

is the usual space L q (Q £ ) and the norm ||m||l<?,? is denoted by |H|l<j. 

The following property of a divergence-free vector field will also be frequently used: 



(2.5) ||V«||i 2(Qe) = \\Vui\\h {Qe ) = - [ u-Au=- I u-Au= \\A^ 2 



Qe 



Lemma 2.1. Let eq > be fixed. There exists a positive constant K\ so that, for < e < 
So, if Wi G X St are three functions satisfying Mwi = 0, < Sj < 3/2, /or z = 1,2,3, and 
si + $2 + S3 = 3/2, then 



[2.6) 



Wi(x)w2(x)w 3 (x) dx 



< i^lllwlll sl llw 2 l 



F3 



S3" 



Furthermore, there exists a positive constant K2 such that, for < e < Eq, if v\ G X S1 , 
< Ji < 1 is a function independent of X3, < Sj < 1, for i = 2, 3 and Si + S2 + S3 = 1, 



(2.7) 



/ 



Vl(x)w2(^)w3(^) dx 



< K2S- 1 / 2 



1^1 lis! ||^2 IU2 11^3 I 



S3 ' 



Remark 2.1. It will be clear from the proof below that, if we omit the dependence on e, 
Lemma |2.1| still holds for functions without vanishing mean in the thin direction. 

Lemma [2.1| is a consequence of the following result. 

Lemma 2.2. Let Eq > be fixed. Assume that < s < 3/2 and q,q' G [2, 00) are such 
that | + ^> = I — s. Then the following embedding holds: 

X S ^L™'{Q £ ) . 

Moreover, there exists a positive constant K% such that , for < e < Eq, for any w G X s 
satisfying Mw = 0, 

(2.8) IMIw < #3|M| S . 



12 



Proof of Lemma |g. i| . Let us assume that Lemma [2.2| is proved. The particular case q = q' 
implies the embedding X s •—>■ L q (Q £ ) provided that 1/q = 1/2 — s/3. Therefore, there 
exist three positive constants Ci, C 2 and C 3 independent of e such that 

||«>i|U*< < Cill^illsi , Vz G {1,2,3}, 
where 1/^ = 1/2 — Sj/3. Since 1/gi + l/g 2 + l/<?3 = 1, Holder's inequality gives 



Wi(x)w2(x)w3(a;) da; 



< 11^2 I|m2 I|w3||l«3 < C1C2C3IIW1I 



si 



\w 2 \ 



«2 



\w 3 \ 



S3 j 



which implies ( |2.6|) with i^i = C1C2C3. 

Now we prove the inequality fl2.7]) . As in the introduction, we define the usual Hilbert 
spaces H S (Q) by interpolation, when s > is not an integer. Remarking that, for all 
v E i/ J (f2), j E N, ||f Hifi'fn) = £ -1 ^ 2 |MI//j(Q e )) we deduce, by interpolation, that, for s > 0, 



(2.9) 



\v\\ H -(ci) < £ l/2 \Mm(Q e ) , E H S (Q) . 



Due to the two-dimensional Sobolev embedding H Sl (Q) ■=— > where 1/gi = (1— Si)/2, 

and to the estimates and (|2.9|), we obtain 

IKIU«i(n) < 5|ki||ffn(n) < ^~ 1/2 ||«i||flSi(o e ) < C'i£ _1/2 |ki||si , 
where C\ = C\C is a positive constant independent of e. On the other hand, one can apply 



Lemma |2.2| with q' — 2 to get the existence of two constants C 2 and C3 independent of e 
such that, for i — 2, 3, 

11^11^,2 < CillWiH^ , 

where l/<& = (1 — Sj)/2 for i — 2, 3. Holder's inequality adapted to the case of anisotropic 
spaces and the equality 1/qi + l/q 2 + l/q 3 = 1 yield 



v x {x)w 2 {x)w 3 {x) dx < \\vi\\ L i lin) \\w 2 \\ L ii 2 ,2\\w 3 \\ L ^2 

< C x C 2 C 3 e~ 112 \\vi 1 1 \\w 2 \\s 2 \\ w 3 \\s 3 , 
whence the inequality (|2.7|) with K 2 = C\C 2 C 3 . The proof is completed. 



□ 



Proof of Lemma \2.Q . Let d > 0. Like in the introduction, we can define the operator 
d — A 2 = d—d 2 — d 2 2X2 on Q, supplemented either with homogeneous Dirichlet boundary 
conditions in the (PD) case or with periodic boundary conditions in the (PP) case. Let 
(A*;, <£>fc)fc>o be a sequence of eigenvalues and eigenfunctions of — A 2 , such that ((Pk)k>o 
forms an orthonormal basis in L 2 (Q) and that < Ao < Ai < • • ■ . For < o < 2, the 
operator (d — A 2 ) a ^ 2 writes, for any v E D((d — A 2 ) a ^ 2 ), 



{d-A 2 y/ 2 



v(x') 



E 

k>0 



{d + \ k y /2 v kVk {x') 



where v = ^2 k>0 Vk(Pk{x')- We notice that (e 2tmX3 ' e ipk(x'))neZ,k>o is an orthonormal basis 
in L 2 (Q £ ) and the operator (d — A) CT / 2 on Q £ (where A = A^ or A = A p according to the 
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boundary conditions) writes, for any u G X a , 

(d - A^V *) = e-V* V (d + X k + {—TY /2 u nk e^l^ k { x ') , 

z — ' £ 

neZ,fc>0 

where u = £~ 1/2 J2 n eZ,k>o u nke 27rinX3/£l Pk(x')- 

Again, like in the introduction, for < o < 2, we define the Hilbert spaces Hp(0,e) and 
Hp(0, 1) of periodic functions on (0, e) and (0, 1). Performing a change of variables from 
(0, e) to (0,1) and using the Sobolev embedding in dimension 1, Hi*' (0,1) <^-> L 9 '(0, 1), 
where a' = 1/2 — 1/q', we obtain, for any g(x 3 ) = e -1 / 2 X] n ez g n e 2mnx '-^ e in Hp (0, e), 

(2.10) 

IMIm'(o, £ ) = ^ w ik" 1/2 E^ e27rin2/ iiM' ( o,i) 

< CxeWdle-^^^e*^!^^ + ||(-^)-'/2 £ -i/ 2 £^ e ^|| L2(0)1) ) 

< ^ 1 /^i/ 2( | k || L2(0i£)+ ^'|| ( _^ r 72^|| i2(0i£)) . 

But we have 

(2.11) IbH^J+e^lK-O^II^) < ^IKI-CJ^IIl^o,,) • 

If 5> G Hp(0,e) satisfies Mg = 0, then, due to the Poincare inequality ( |2.1| ), we improve 
the above inequality and obtain 

Ibll^ + ^IK-O^II^) < (^o + i)^ll(-C 3 ) <T72 ^IU 2 (o, £ ) 

< c^iki-O^II^)- 

The estimates (P1Q|) , (pHQ and ( gig ) imply that 

(2-13) |b||^ (0i£) < ^'-^Wo^lKl - ^ 3 ) CT '/^|| L2(M j 

where Co(£) = C3 in the general case and Cq(e) = C±£ a \ when Mg = 0. Let now u be a 
function in X s and q, q' G [2, 00). If a' = 1/2 — 1/q', we deduce from fl2.13| ) that 

\H\ LM ' = WM^jy, < e^'-^C 2 C (e)\\ \\(l-dl 3x yi*u\\L>jLl, 

< e x l«'-^C 2 C (e)\\ IKl-O^llx^ll^ > 

where we could interchange the order of integrations, since q > 2. Now, the 2-dimensional 
Sobolev embedding D((l - A 2 ) CT / 2 )) <^-> L q (Q) with 1/g = (1 - a)/2 implies that 



(2.14) \\u\\ Lq , ql < e W-i/acr a Cb(e)C75||(l - A 2 ) CT / 2 (1 - C,.J"' 2 



W L 2 
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But, as a + a' = s 



:i-A 2 )f(l-^ 3 )^ 2 J2 (1 + A fc )f (1 + (^) 2 )-^ fc e 2 ™^^(x') ||| 2 

neZ,k>0 



,27m, 



Y\u nk \ 2 



ngZ,fc>0 



,27m. 



< (1 + A fc + . 

n£Z,fc>0 

< 11(1 -A)V 2 



lL 2 ' 

Finally , we remark that there exists a positive constant Cq such that, for < e < Eq, for 



any u G X s , ||(1 - A) s u\\ L 2 < C 6 \\ {-A) s u\\ L 2. Therefore, we deduce from (gig) that 
(2.15) \\u\\ Lq , q/ < eW-WCtCotfCsCeWuW. , 

which proves the embedding X s e — > L g,q> (Q £ ). If w G X s satisfies Mw = 0, then, according 
to ( |2.12| ), the inequality ( |2.15| ) becomes 

\\u\\ Lt , q > < £ 1/9 '- 1/2 C 2 C 1 (£)C 5 C 6 || M || s < C 2 C 4 C 5 C 6 \\u\\ s , 



and the estimate (|2Tq ) is proved. □ 
In the periodic case, we need an inequality in which the H l norm of 2-dimensional 



functions appears. This estimate cannot be deduced from Lemma [2.1| . We shall show it 
with the help of the following commutator estimate. 

Lemma 2.3. Let Eq > be fixed. There exists a positive constant K4 such that, for 
< e < e , for any functions f G Hp(Q £ ) and g G H^ 2 (Q £ ), where f is independent of x 3 
and Mg = 0, the following estimate holds, 

\\[f,(-A)^) g \\ L2 < ^- l/2 imiiikiii /2 , 

where [f, (-A)V^ = f(-A)^g - (-A)^(fg). 

Proof. As in (|1.3| ), we consider the Fourier series of / and g: 

f(x) = e- 1 ' 2 ^^ fme 2t7Tma - x , g(x) = e- 1 ' 2 ^^ 9ne 2l7Tna - x , 

where, for k G Z 3 , ka = (fciai, k 2 a 2 , ^3%) and ai = V[\ a 2 = l 2 , a 3 = e _1 . A straightfor- 
ward computation gives 

[f,(-A) l ' A ]g = E- l ai a 2 V2^ £ f m g n {\na\ 1 ' 2 - \(n + m)a\ l ' 2 )e 2 ^ m+n ^ x , 

m,n£Z 3 ,m3=0 

where \ka\ = {k\a\ + k\a\ + fc^a 2 ) 1 / 2 . Hence, 



\[f,(-Ay%\\ L2 < e- 1 



/2 



2na 1 a 2 ^2( ^ |/ m | |# n | | \(n + m)a\ 1/2 - |na| 1/2 |) 2 

kel? m+n=k,rn 3 =0 



1/2 
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Since m 3 = 0, there exists a positive constant Cx, independent of s, m and n, such that 

| |(n + m)a|2 — \na\i \ < Ci\m\a\ + m\a 2 2 \^ . 
The previous two inequalities imply that 

(2-16) || [f,(-Ay/*]g\\ L2 < CM-WM*, 

where 

f(x) = e- 1 ' 2 ^^ J2 \fmV 2mma - x , g(x) = £- 1/2 v^^ \9n\e 2l7Tna - x , 

meZ 3 ,m 3 =0 nGZ 3 

have the same if s -norms as / and g respectively, and where / is independent of £3. Holder's 
anisotropic inequality together with Lemma [2.2| give 

((-a^/v^iu* < IK-A^/VlU^llsll^ 

<C4(-A 2 )^f\\ Lm m\x/i < C 2 \\(-A 2 )^f\\ LHn) \\g\\i/2- 
Due to the classical Sobolev embedding if 1//2 (Jl) ^ L 4 (f2), we also have 

M-^fhHn) < C 3 \\(-A 2 )V*f\\ Hl/2{n) < C 4 ||(-A 2 )VV]U 2(n) 



(2.17) 



< ^s-^H/lL < C^' 2 



(2.18) 

' ' ~ ' ■ "" + 'li ^ ' Hi Hi 

We deduce from the relations Q2~Td| ), ( |2~T7| ) and (JTHty that 

Ht/.C-A) 1 /^!^ < dc^e-^n/iHbii^. 

The proof is completed. 

As a consequence, we obtain the following lemma: 



□ 



Lemma 2.4. Let Sq > be fixed. There exists a positive constant K 5 such that, for 
< e < 6q, for any vector fields v G (Hp(Q £ )) 3 andw G (Hp^ 2 (Q £ )) 3 , where v is divergence- 
free and independent of X3 and where Mw = 0, the following estimate holds 



v(x)Vw(x)(-A) 1/2 w(x)dx < fQ£~ 1/2 |H|i|H|i /2 |H|3 /2 . 
Proof. We can write 



I = 



v(x)Vw(x)(—A) 1 ^ 2 w(x) dx 



-A) 1/4 {y{x)Vw{x)) {-A) 1/A w{x) dx 



[(-A) 1/4 ,v]Vw(x)(-A) 1/4 w(x) dx + / v{x)V{-A) 1/4 w{x){-A) 1/4 w{x)dx . 
But an integration by parts shows that 

v{x)V{-A) 1/4 w{x){-A) 1/4 w{x)dx = - [ divv{x)\(-A) 1/4 w(x)\ 2 dx = . 

JQe 

Therefore, we can use Lemma |2~3| to deduce that 

< ||[(-a)^]vhM(-a) 1/4 HU 2 
u llilHli/2|IH| 3 /2 • 



[(-A) 1/4 ,v]Vw(x)(-A) 1/4 w(x)dx 
< Ci£- 1/2 ||^||i||V^|| 1/2 ||^|| 1/2 < C 2 s- 1 ' 2 
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□ 

Lemma 2.5. Let Eq > be fixed. There exists a constant Kg independent of e such that, 
for < e < Eo, if v £ (Hp(Q e )) 3 is a divergence- free vector field and v* G H 2 {Q £ ) is a 
function, that are independent of xs, then 



(2.19) 



v(x)'Vv*(x)Av*(x) dx 



6 6 ' \\V\\i\\V i V 2 - 



Proof. Since v is divergence-free, simple integrations by parts give 



/ v(x)Vv*(x)Av*(x) dx = — ^ / 



Vi(x)d Xi v*(x)d Xj v*(x) dx. 



We deduce from Holder's inequality and from a two-dimensional Gagliardo-Nirenberg es- 
timate that 



/ 

J Q, 



v(x)Vv*(x)Av*(x)dx < e\\v\\ H i (n) \\Vv*\\ L 4 (n) < C^v \\m(a)\\v*\\m(a)\\v*\\m{a) 



which implies the lemma. 



□ 



3. A UNIQUENESS RESULT 

The aim of this section is to prove a uniqueness result for weak Leray solutions. In 
short, this result says that only the "purely 3-dimensional" part of the solution needs to be 
"strong" in order to obtain uniqueness. In particular, uniqueness of 2D solutions in the class 
of 3D weak Leray solutions is obtained. Let us note that, in the case of periodic boundary 



conditions, this particular fact was already proved by Gallagher [10|, while uniqueness of 



1/2, 



n 



2D solutions in the class of some "strong" solutions was shown by Iftimie |T5 
We start with a remark on the regularity of weak Leray solutions. 

Remark 3.1. Let u be a weak Leray solution such that (/ — M)u G L°°(0,T]Ve 
L 2 (0,T;Ve /2 ). Then u G C°([0, T]; H e ) and d t u G L 2 (0,T; V £ '). 

We first show that mVm belongs to L 2 (0, T; V^f). Let <p G L 2 (0, T; V £ ) be a smooth vector 
in the x variable (ip G L 2 (0, T; V 2 ) is actually sufficient). We have 

(3.1) / / uVitLpdxdt = [ [ (uVMucp + uV{I - M)ucp)dxdt . 

JO JQ E JO Jq e 

Since ip is a smooth vector in the variable x, a simple integration by parts gives 

,T r rT , 

uV 'Mu (pdxdt = / / uVy? Mu dx dt . 



o JQ e 



By Lemma |2.1| and Remark [2.1| , we thus obtain, 
uVMuipdxdt < C £ ' ' 1 ■ A ' 2 



JQ 







u\ 1/2 \Mu\ 1/2 dt\ \\<p\\&(fj,T,Ve) 
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and 

T f 

UV{I - M) U (fidxdt < C e [ I \\u{t)f L2 \V{I -M)u(t)\{ /2 dt j |MU 2 (0,T;Ve) 



T r / l-T \ 1/2 

2 







1/2 

2 



< C £ I jf || M (t)||i 2 |(/-M) M (t)|^ /2 ^J 1^11^(0,^) • 

By a classical density argument, these estimates are still true for any G L 2 (0, T; 14). We 
thus conclude that 

(J q ||wVu||v;#d^ < ^ e (lkll Z 4 (0)T . y V2 ) ||Mw|| x4(0)T . y v 2) 

As A £ u and / also belong to L 2 (0, T; V^'), we infer from the above inequality that d t u is in 
the space L 2 (0, T; V £ '). The properties u G L 2 (0, T; VQ and G L 2 (0, T; U £ ') finally imply 
that u belongs to C°([0, T]; H £ ). The proof of the remark is completed. 
We can now prove a uniqueness result. 

Theorem 3.1 (uniqueness). Let u be a weak Leray solution of the Navier-Stokes equations 
ftTT\) such that (I - M)u G L°°(0, T; V £ 1/2 ) fl L 2 (0, T; Ve /2 ). Then u is unique in the class 
of the weak Leray solutions. 

Proof. Let u be a weak Leray solution with the same initial data as u. The difference u — u 
satisfies the following equation in V £ , 

(3.2) d t {u — u) + vA e {u — u) + B £ {u — u, u) + B £ (u, u — u) = . 

We would like to take the inner product in L 2 (Q £ ) of this equation with u — u and to 
integrate in space and time. The result would be the first line of ( |3.10| ). Unfortunately, 
this is not possible without some additional justification because the integral 

(3.3) / / mV(m — u){u — u) dx dr, 

Jo Jq e 

which is supposed to vanish, may not converge. Nevertheless, one can argue as in [[HJ and 
p9| (see also [|10j)- The idea is that, instead of multiplying the equation oi u — u hy u — u 
which yields regularity problems, one can multiply the equation of u by u, the equation of 
u by u and then subtract the two energy inequalities satisfied by u and u; the result is the 
same. This argument is detailed below. 

We saw at the end of the proof of Remark [3]l] that all the terms in the equation of 
u belong to L 2 (0,T; V' e \ So we can multiply the equation of u by u G L 2 (0,T; V £ ) and 
integrate in space and time to obtain 



(3.4) 



/ / (d t u ■ u + uVu ■ Vn + u ■ V« u) dxdr = / f ■ u dxdr . 
Jo Jq s Jo Jo e 



Unfortunately, we cannot directly multiply the equation of u by u and then integrate in 
space and time, because d t u and u are only in L 4 / 3 (0,T; U e ') and L 2 (0,T; V £ ) respectively. 
As u G C°([0, T];H e ) n L 2 (0, T; V £ ) n H l {0, T; U £ '), by a standard smoothing procedure, we 
can find a sequence of smooth divergence free vector fields u n G V £ , such that u n converges 



is 



strongly to u in C°([0, T] ; H e ) n L 2 (0, T; 1/ £ ) H L 4 (0, T; V £ 1/2 ), d t u n converges strongly to d t u 
in L 2 (0, T; V^) and (I-M)u n converges strongly to (I-M)u in L 2 (0, T; 1/ £ 3/2 ). Multiplying 
the equation of u by u n and integrating by parts yield 



(3.5) 



/ / (d t u ■ u n + ;/Vm ■ Vu n — u ■ Vu n u) dxdr = / / • u n dxdr 

JO JQe JO JQe 



We now pass to the limit in n in the above equation. With the regularities and convergences 
at hand, it is easily seen that 

(3.6) 

/ VuVu n dxdr — > I / VmVm dxdr and / / fu n dxdr — > I fu dxdr . 
'o Jq £ Jo Jq e Jo Jq e Jo Jq s 



On the other hand, by Lemma [2.1| , we have 

/ / u ■ V \u — u n )u dxdr = I I (u -V 'M(u — u n )u + u • V(J — M)(u — u n )u) dxdr 
Jo Jq e Jo Jq e 

<C E f \u\ 2 1/2 (\M(u - u n )\x + \(I-M)(u- u n )| 3/2 ) dr 



(I-M)u-(I-M)u n \\ L2(0T . v s /2) ). 



We deduce that 



(3.7) / / u-Vu n udxdr~^ I I u-Vuudxdr. 

Jo Jq £ Jo Jq e 

Finally, we integrate by parts to obtain that 

d t u-u n dxdr = — / u-d t u n dxdr+ / (u(t) ■ u n (t) — u(0) ■ u n (0))dx . 



As d t u n and u n converge to d t u and u in L 2 (0, T;V^) and C([0, T];H e ) respectively, we 
infer from the above equality that, 

(3.8) / / d t u ■ u n dxdr — > — / / u ■ d t u dxdr + / iu{t) ■ u(t) — u(0) ■ u(0)) dx . 
Jo Jq e Jo Jq e Jq e 

Putting together the properties (|3.5|) , (|3.6|) , (|3.7p and (|3.8|) finally yields 

(3.9) / / (—u ■ d t u + uVu ■ Vu — u ■ \/uu)dxdr 
Jo Jq f 

(u(t) ■ u(t) - u(0) ■ u(0))dx + [ [ f -u dxdr . 
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Since u and u are weak Leray solutions, the two following energy inequalities hold: 



1 



u(t)\\ 



2 

L 2 



V 



\Vu\\\ 2 dT < -||wo||i,2 + 



2ll«Wlli 2 + z/ 



\Vu\\ 2 L2 dT < -||mo||l2 + 



/ ■ u dxdr 
f ■ udxdr 



We now add both energy inequalities and subtract relations (|3.4|) and ( |3.9|) to obtain 



-\\u(t)-u(t)\\ 2 L , + v 



\ \\u — w||fdr < / / (— u ■ Vu u + u ■ Vw ujdxdr 
Jo Jo Jcir 



Arguing as in Remark 3.1 , one shows that the integral J * (—u ■ Vw u + u ■ Vw u)dxdr = 
is absolutely convergent and vanishes. Thus we deduce from the previous inequality that 



(3.10) \\u{t) - u(t)\\ 2 L 2 + 2v f \\u-u\\\dr < -2 / f (u - u)Vu(u - u)dxdr . 

Jo Jo Jq e 

Writing Vw = V((J — M)u + Mu) and applying Lemma pO] , we get, for any < s < 1, 

\\u(t) -u(t)\\ 2 L2 +2u f \\u - u\\\dT < d [ \\u - u\\ L 2\\u - u\\i\\(I - M)u\\ 3/2 dT 
Jo Jo 



+ C 2 



|Mii||i||w — wLllw — u\ 



l-s 



dr . 



Since the interpolation inequality \\u — u\\s < C3||m — u\\l \\u — u\\ l L2 s holds, for any s e [0, 1], 
we infer from the above inequality that 



\u(t) - u(t)\\ 2 L% + 2v I \\u-u\\\dT<2vf \\u-u\\\dT 
Jo Jo 



+ C 4 



\u — u\ 



L2l 



I - M)u\\l /2 + \\Mu\\\)dT 



that is 



u{t) -u{t)\\ 2 L 2 < C A I ||u-u||^,(||(/-M)u||§ /2 + ||Mu||?)dr 



And the result follows from Gronwall's inequality. 

4. The case of mixed boundary conditions 



□ 



In this section, we shall prove the theorems 1.1 and 1.2 



Proof of Theorem [O]. The proof is based on a Galerkin approximation, using the first 
m eigenvectors ipi, ip2, ■■■■,1pm of the Stokes operator A e . Since M and A e commute, 
we can choose these eigenvectors ipj so that, either ipj 6 MV 2 or ipj e (J — M)V 2 . 
Let V m : H £ — > H £ denote the projector onto the space V m generated by the first m 
eigenfunctions. We remark that V m M = MV m . The above properties imply that, for 
every s G [0,2] and for every u G V £ , 



(4.1) 



\V m {I-M)u\ s < \{I-M)u\ s , \V m Mu\ s < \Mu\ s . 



20 



We know (see ||, Chapter 8, for example or [[26|]), that, for every m G N, there exists 
a global solution u m G C <1 ([0, +00); V 2 fl V m ) of the equations (|1.11|) or also of ( |1.20|) and 
( |1.21| ), where B e is replaced by V m B e and P e f by V m P £ f and where the initial condition 
is M m (0) = V m (I — M)uq + V m Muo = wo m + VQ m . Moreover, for every r > 0, u m and 
d t u m are uniformly bounded with respect to m in the spaces L°°(0, +00; H £ ) fl L 2 (0, r; V £ ) 
and L 4 / 3 (0, r; V^') respectively. We want to show that this solution u m = w m + v m = 



{I — M)u m + Mu m satisfies the additional estimates and properties given in Theorem |LT 



which will be preserved, when m goes to +00. In order to simplify the notation, we shall 
drop the subscript m in all the a priori estimates below, when there is no confusion. Taking 
the inner product of the modified equation ( p..21|) with A 1 ' 2 ™ gives, for t > 0, 



(4.2) 
1 



^d t \w(t)\l /2 + u\w(t)\l /2 + / (wVw (I - M)A 1/2 w)(t,x)dx + / (vVw A 1/2 w)(t, x)dx 



+ / (wVvA 1/2 w)(t,x)dx = / ((/ - M)Pf A 1 / 2 w){t,x)dx. 

JQe JQe 

Since I — M commutes with A 1 / 4 , we get by Lemma |2.1], for t > 0, 



{wVw{I - M)A 1 / 2 w)(t,x)dx < ClwtyhWVwtyWvKl - M)A l ' 2 w{t)\ 1/2 

< cKt)|?Kt)| 3/2 . 

A simple interpolation inequality now yields, for t > 0, 



(4.3) 



{wVw(I - M)A 1/2 w)(t,x)dx < C\w(t)\ l/2 \w(t)\ 2 3/2 

< C^X*)ll/2hWll/2 + ^k(*)l3/2 

The inequality ( |2.7| ) of Lemma |2]1| implies, for s G [1/2, 1), 



(vVw A 1/2 w)(t,x)dx 



where C s denotes a positive constant depending only s. We find again by interpolation 
that, for t > 0, 



(4.4) 



(vVw A 1/2 w)(t,x)dx 



< C a e- x 'Mt)\s\w(t)\i /2 \w(t)\ 



2-s 
3/2 



< C s ^e-^Ht^wit)] 2 ^ + V -\w{t)\l /2 . 



3/2 
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Due to the estimate ( 2/7) of Lemma 2.1 , we also have, for t > 0, 



{wVvA 1/2 w)(t,x)dx 



(4.5) 



< ^-^(OliKOIi/aH*)^ 



< 



c,-v->(t)ixt)i^ + -mt)^ /2 . 



Finally, we obtain, due to (|4.1|) and the Poincare inequality (|2.2|) that, for t > 0, 



((I-M)Pf A 1/2 w)(t,x)dx 



(4.6) 



< C||P m (/-M)P/(t)|| i2 Kt)| 1 

< C £ 1 / 2 ||(/-M)P/(t)|U 2 |^(t)|3/2 

< C i ,- 1 £ ||(/-M)P/(0||i 2 + ^h(t)|i /2 . 



We now fix the real number s G [1/2,1). In particular, we assume that s satisfies the 
following conditions 

1 ot oi 1 

(4.7) 1 > s > sup(/3,27, -, 



2'a+l'ot+l-^' 1 + 5' 
The inequalities flPD , fl4|), ([15]) and flO|) , together with (fL2|), imply, for t > 0, 

(4.8) 



+ C 1 ^ 1 s||(J-M)P/(t)||i 2 . 

Due to the property (|4.1| ) and to the hypothesis ( 1.22 ) on the initial data, when K* is small 
enough, there exists a positive time T such that, for t G [0,T), 

,,2 



(4.9) 

and, that, if T < oo, 
(4.10) 



Mt)\i/2 < 



KOI 



4C? 



1/ 



2 ' 



1/2 " 4C? • 



We shall show by contradiction that T = +oo. We derive from 
that, for t G [0,T], 



(4.11) d t \w{t)\\ /2 + V -\w{t)\i /2 < CahWIf/aCi/ 1 - 2 ^- 1 /-^^)^/- 



3), and ( gig ), 



+ C 1 z/- 1 5||(/-M)P/(t)|| 



L 2 



which in turn implies 



(4.12) d t \w{t)\\ /2 



ve- l K 



2^-2 



4 



— l^(t)|? /2 < CX*)^ 



1-2/s -1/s 



fWI^ + ^-X*)!?) 



+ ^^11 (J -M)Pf(t) ||i 2 
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Set 

h*(t) = C^ 1 - 21 ^" 1 ' 3 f Ivir^dr + C^e- 1 t \v{r)\\dr - vtKf e' 2 j ^ 

Jo Jo 

= h(t) - utK 2 e' 2 /8 . 
An application of Gronwall's lemma in (|4.12| ) gives, for < t < T, 
(4.13) 

\w(t)\ 2 l/2 < expih^t^lwoll^ + dev- 1 [ ||(J - M)Pf(r)\\ 2 L2 exp(h*(t) - h*(r))dr 

Jo 

< exp(h*(t)) \w \ 2 1/2 + Su^K^isnp ||(J - M)Pf(t)\\h){ SU P exp(h(t) " h(j))) ■ 

t 0<T<t 

The estimate of h(t) — h(r) is simple and comes from the usual L 2 -energy estimates on the 
velocity u. If we take the inner product of the modified equation (|1 . 1 1|) with u, we obtain, 
for t > 0, 

(4.14) 

d t \\u{t)\\ 2 L2 +2v\u{t)\l = 2 / {Pf ■u){t,x)dx 



< 2(||(/-M)P/(t)|| L2 |k(t)|U 2 + ||MP/(t)|| L2 ||^)||L 2 ) 

< u-\K e\\(I - M)Pf(t)\\ L 2 + fi \\MPf(t)\\ L 2) 2 + u\u(t)^ . 

It follows that, for t > 0, 

(4.15) d t \\u(t)\\ 2 L2 + ^ 2 \\u(t)\\h < d t \Ht)\\h + "\<t)\l < P~ l B , 

where B = 2(/i 2 ,sup t \\MPf(t)\\ 2 L2 + e 2 K 2 sup t ||(J - M)Pf(t)\\ 2 L2 ). Gronwall's lemma im- 
plies, for t > 0, 

(4.16) \\u{t)\\l* < \\u \\ 2 L . + v-Y B(l - e-^ 2t ) . 
Integrating (|4.15|) from t to ti, where < t < ti, one finds 

, A ^ K*i)ll£»+*' / Hr)\\dT < || M (t )||i2 + z/" 1 (t 1 -t )5 

(4.17) J t 

< \\u \\h + v- X B{v-^l(\ - e-^o) + (tl _ to)) . 

By interpolation, we can write, 

(4.18) T \v{r)\ 2 J s dr < C 2 sup \\v(r)\\^- s)/s T | V ( T )|?dT . 

Jto to<T<ti Jt 

Since M is an orthogonal projection in H £ and V e , we infer from ( [4.16 ), (4.17) and (4.18) 
that, for < t < t\, 

(4.19) h{h)-h{t ) < C 3 ( £ - 1 + £- 1 / s (||w || 2 L2 +^) (1 - s)/s ) 

x (iMIi* + (*i - to + t*o)B) -v{h - t )s- 2 K^ 2 /8 , 
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where t* = min(l,£). To simplify, we set ||^o||l 2 = K^e 1 ^ 2 go(e) and sup t ||MP e /(t)||xa = 
K^e 1 ! 2 g\(e), where go and g\ are positive functions of e. The hypotheses ( |1.22| ) give the 
following bounds, 



(4.20) 



+ < K 2 e(K 2 + g 2 ) < K 2 e(K 2 + e 



-2a\ 



B < C A Kls(\\Yie\ 2 ~i + g 2 ) < C,K 2 e(\\ne 
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We now deduce from and (|420| ) that, for < t Q < h, 

(4.21) 

h(h) - h(t ) < C 5 K 2 (1 + K 2 ) (l + gf + {t\ + tl){gl /s + | lne| 2 ^ 

~{ti ' to) (^fz- 2 ~ C 5 K 2 (1 + Kl){gl' S + I lne| 2 ^ + gf^{g\ + \ lne\ 2 ~<) 

Due to the choice ( |4.7| ) of s and the hypotheses ( |1.22|) and ( |1.23| ), we infer from ( f4.21| ) 
that, when is small enough, we have, for < to < t\, 

(4.22) h(h) - h(to) < C 6 K 2 (1 + gf + gf + | lne| 2 ^) . 
Likewise, we derive from (|4.21|) that, when is small enough, we have, for t > 0, 

(4.23) h(t) < C 7 Kl{l + gl /s ) . 

Finally, we deduce from (|423|) , (gig ), (|J and the hypotheses flL2p , (lL"2l) , 

where i£* is small enough, that, for < t < T, 

(4.24) 



\w(t)\\ /2 < C 9 eMC,Klgf 1+5) )(eM- 



vtK, 



-2 

-2 



)koli /2 



+ e 3 sup || (/ - M)Pf{t)\\\ 2 ex P (C 8 K 2 (gf +S) + | lne|¥)) 



< C 10 A* < 



7/ 



8C 2 



2 ' 



which contradicts the property (|4.10|) , if T < +00. It follows that T = +00. Remark that 
the estimate ( [4.16|) implies, for t > 0, 

(4.25) \Ht)\\ 2 L2 < \\u \\ 2 L2 + ^ 2 ^B < \\u Q \\ 2 L2 + Cue" 1 . 

We have just proved that, under the hypotheses (|1.22j ) and ( |1.23|) , for any m e N, the 
solution w m G C 1 ([0, +00); V m ) of the modified Navier-Stokes equations (|1.11|) with initial 
data w m (0) = VmUom satisfies 

(4.26) sup| Wm (t)| 2 /2 < Ci 2 , 



where Cu is a positive constant independent of e and m. Integrating the inequality ( [4.11| ) 
from to t and using the estimates ( |4.26j ), ( [4.17| ) and ( |4.18| ), one also shows that, for any 

t e |o,+oo), 

ft 



(4.27) 



\w m (s)\ 3/2 ds < C 13 (e)t 



where Ci3(e) is a positive constant independent of m, but depending on e. 
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1 II 

We remark that v 0m and w 0m converge to Mu and (I—M)u in H £ and V £ respectively. 
Now, a classical argument (see 0, Chapter 8 or |26[| ) shows that w = linim^+ooWm belongs 
to the space L°°(0, oo; iJ e )flL 2 oc ([0, oo); V^ 1 ), is a weak Leray solution of the equations ( |1.11|) 
with initial data u(0) = uo and that, due to the properties (|4.26Q and (|4.27| ), (/ — M)u 
belongs to L°°(0, oo; V E 1/2 ) H £ 2 oc ([°> oo); 1/ e 3/2 ). The uniqueness of the solution u follows 
from Theorem |3~T| . Remark |3T^ implies that u belongs to the space C°([0, +oo); H e ) R 
LL([0,+oo);K')- □ 



Remark 4.1. In the (PP) case, we can apply Lemma |2.4| in order to estimate the term 
| fg e (v'VwA 1 ' 2 w)(t,x)dx\, which gives 



{vVwA l ' 2 w){t,x)dx\ < Cv- l E- 1 \v{t)\l\w{t)\\ /2 + -\w{t) 



2 

3/2 ' 



In this case, h(t) = C\v 1 e 1 f* \v(r)\ldr — vtK Q 2 e 2 /8 and the estimate of h(ti) 
becomes 



h(t c 



(4.28) 



h(h) - h(t ) < C,Kl{\ + K 2 ) (1 + gl + (t{ + t*M + I M 27 )) 



(h - to) (^p^ 2 - C 5 K 2 (1 + KIM + I lne^)) . 



Hence, we can choose (3=1, 7 = 1/2 in the hypothesis ( |1.22| ). Moreover, the limitation 
on Muq disappears. The condition ( |1.23| ) then writes as ( |1.24| ). 



We now prove Theorem [L2| 



Proof of Theorem \l.t\ . The proof follows the same lines as the proof of Theorem |1 . 1| . So 
we shall only indicate the main changes in the estimate of 1 1/2, for < t < T. Let 
s G [1/2,1) be fixed so that s > j—^. Arguing as in ( 4.15|) and ( [4.16Q , we deduce from 
( |Tg ) that, for t > 0, 

(4.29) \Ht)\\ 2 L * + v f\u{r)\ldT < D , 

Jo 

where D = \\u \\ 2 L2 + C 14 j \\\M P f {r)\\ 2 L2 + e 2 \\{I - M)Pf(r)\\ 2 L2 )dr. The hypothesis ( [OTP 
imply that 

*t 



(4.30) 



£ < C l5 e(K + e^WMuofv + e 



\\MPf(r)\\ 2 L2 dr) 



The application of Gronwall's lemma to ( |4 . 1 2| ) and the estimate ( |4 . 2 9| ) give, for < t < T, 
(4.31) 

\w(t)\\ /2 < (exp C^D + ^DY^Mw^ + eC^- 1 / \\(I-M)Pf(r)\\ 2 L2 dr) , 

Jo 

which implies, due to ( |4.30|) and the hypothesis ( |1.27| ), where K is small enough, that, for 
< t < T, 

(4.32) 12 



k(*)li/ 2 < 



8C 2 



Now we finish the proof by arguing like in the proof of Theorem |TTT 



□ 
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5. The case of periodic boundary conditions 



In the periodic case, we obtain better results than those described in Theorem |1. 1| because 
we can use the conservation of enstrophy property, which is valid for two-dimensional 
periodic vector fields. We recall that, for this reason, we split the vector field v = Mu into 
two parts 

Mu = Mu + M{u 3 ) = {Mu x , Mu 2 , 0) + (0, 0, Mu 3 ) , 

and set v = Mu. Likewise, we shall split the forcing term as follows 

M(Pf) = MPf + M((Pf) 3 ) = (M{Pf)x,M{Pf) 2 ,0) + (0,0, M(Pf) 3 ) . 

We recall that, in the periodic case, PAu = Au if u G V 2 . We shall often use this 
property in the sequel. 

We begin this section by two auxiliary lemmas. 

Lemma 5.1. Let u be a weak solution of the Navier-Stokes equations such that w = (I — 
M)u G L°°(0,T; V p 1/2 ) fl L 2 (0,T; Vp /2 ) and v = Mu G L°°(0,T; V p ) D L 2 (0,T; V p 2 ). Then 
we have the following estimates, for < 7 < i//(2/Xq) and < t < T, 

(5.1) |Mt)||i 2 < exp(- 7 t)||^(0)||i 2 + ^supP £ - 1 / 2( M(P/( S )) 3 )||i 2 

V s 

+ -K 7 eexp(--ft) / exp(js)\w(s)\ 2 1/2 \w(s)\l /2 ds , 
v Jo 

and, for 2 < q < +00, 

(5.2) IMOIIL < K 8 (q)^\\v 3 {0)f Lq +elexp(- 1 t) J exp( 1S )\w(s)\l /2 \w(s)\l /2 ds 

+ sup\\V(-A 2 )-\M(Pf(s)) 3 )\\ 2 Lq +6- 2+ l [ \w(s)\ 2 \w(s)\l /2 ds) 



(*-!)+ 



where (t — 1) + = sup(0, t — 1) and K$(q) is a positive constant independent of e, but 
depending on q. 

Proof. The function v 3 satisfies the following linear equation 

(5.3) d t v 3 - vAv 3 + vVv 3 + M((wVw) 3 ) = M((Pf) 3 ) . 

We first take the scalar product in L 2 (Q e ) of the above equation with v 3 . Since v and w 
are divergence-free vector fields, we obtain, by integrating by parts, that 

(5.4) / (vVv 3 )v 3 dx = - / vVvldx = , 



and that 



(5.5) / (wVw 3 )v 3 dx — — (wVv 3 )w 3 dx . 

Jqe Jqe 
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Applying the estimate (|2.7| ) of the lemma ^J] to the term | |^(wV 'f 3 )w 3 (ix|, we get, for 
< t < T, 

^ll^Wllia + ^W*)!? < ^P7 1/2 (M(p/(t)) 3 )|li 2 + ^->(t)it /2 , 

or also, by (|2.3|), 



(5-6) dt\\vsmh + ^\Mt)\i + ^\Mt)\\h 



Integrating the inequality (5J3) and using the Gronwall lemma, we obtain, for < 7 < 
u/(2fj$) and for < t < T, 

(5-7) || U3 (t)||i 2 + -exp(- 7 t) / exp( 7S )|^(s)|^s < exp(- 7 t)|M0)||i 2 



2 



+ ^sup \\A;^(M(Pf(s)) 3 )\\l 



2 f l 
+ -CiK £exp(-7t) / exp(7s)|w(s)| 1/2 |w(s)| 3/2 ds . 
^ Jo 

Integrating now the inequality ( |5.6j ) from t to t 1 , we deduce from ( |5.7f ) that, for < t < t\, 
(5.8) 

*fo,(«)|?<k < -e X p(-7to)||^3(0)||! 2 + 4( 1 + ^-^o)supP £ - 1 / 2( M(P/) 3 ( S ))||| 2 
to ^ ^ 7 

to 



dKQe(exp(--ft) exp(js)\w(s)\l /2 \w(s)\l /2 ds 

\w(s)\ 2 1/2 \w(s)\l /2 ds) . 



4 
V 2 



We now fix a real number q > 2. Multiplying (|5.3|) by |t> 3 | 9 2 t> 3 , integrating over Q £ and 
remarking, as in (|5.4|), that J Q {vVv 3 )\v^\ q ~ 2 v 3 dx = we obtain, for < t < T 

(5.9) Id t |Hli, + %-l) / |^r 2 ((9, 1 t; 3 ) 2 + (9, 2 t; 3 ) 2 ) C /x 

1 JQe 

+ [ (wVw 3 )\v 3 \"- 2 v 3 dx = f (M(Pf) 3 )\v 3 \ q ~ 2 v 3 dx . 

JQ E JQ £ 

Arguing as in ( |5.5|) , we remark that 

(5.10) / (wVw 3 )\v 3 \ q ~ 2 v 3 dx = -(q - 1) / w 3 \v 3 \ q ~ 2 {wid Xl v 3 + w 2 d X2 v 3 ) dx . 
Furthermore, we have 

(5.11) / (M(Pf) 3 ) \v 3 \ q - 2 v 3 dx = (q-1) [ \v 3 \ q - 2 X7((-A 2 )- 1 (M(Pf) 3 ))Vv 3 dx . 
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Using Holder inequalities, we deduce from the equalities (|5.9|) , ( |5.10| ) and (|5.11|) that, for 
< t < T, 

-dt\\v 3 (t)\\% + -M " 1) / \v 3 (t)r 2 ((d Xl v 3 (t)) 2 + (d x Mt)) 2 )dx < 

(ff-lK'f / \v 3 (t)r 2 \V((-A 2 )-\M(Pf(t)) 3 ))\>dx 



Qe 

2 



+^ 2+2/9 En^wii^ 2 ik3(t)ii 



2 II /j.M|2 



£2qr,2 || UJiyLJ \\L2q,2 I , 



or also, due to Lemma |2T2 
(5.12) 

-d t \\vs(t)\\h < (?-l)^ 1 C2|k3(t)|ll; 2 (||V(-A 2 )- 1 (M(P/(t)) 3 )||i g +e- 2+ lk(t)|ti) 



Since |iw[x— i/ g < ^3Mi/2 +1 ^M3/2 1//9 > we derive from ( |5.12| ) and the Poincare inequality 



for w that 
(5.13) 

^IM*)lli. < (g- l)^- 1 C 4 (||V(-A 2 )- 1 (A//(^/(t)) 3 )||L +e- 2+6 ^|^(t)|? /2 |^(t)|i /2 ) 
Integrating the estimate (|5.13| ), we obtain, for < t < inf(l,T), 



(5-14) < |M0)|| 2 



t 



+ (g-l)z/- 1 C 4 (sup||V(-A 2 )- 1 (M(P/( S )) 3 )||L+e- 2+6 /' ? / \w{s)\\ /2 \w{s)\l /2 ds) . 

s Jo 

Using the uniform Gronwall lemma, we also deduce from ( |5.13| ) that, for 1 < t < T, 
(5-15) H(t)\\h< f ll^3( S )|li^+(g-l)^4(sup||V(-A 2 )- 1 (M(P/( S )) 3 )||| 9 

+ e- 2+6/q f \w(s)\l /2 \w(s)\l /2 ds) . 



t-i 



But, from the Sobolev embedding H 1 ^) C L g (Q), for 1 < q < +oo and the inequality 
(|5.8|), we infer that 



(0.16) /* \\v 3 (s)\\l q ds < e- 1+2 /o f \v 3 {s)\\ds 
't-i Jt-i 



< CJ|| W 3(0)||L + sup||V(-A 2 )- 1 (Af(P/( S )) 3 )||L + 

' s 

+ e 2/9 [exp(- 7 t) f exp(-fs)\w{s)\ 2 1/2 \w{s)\l /2 ds + [ \w{s)\ 2 l/2 \w{s)\l /2 ds]) . 



t-i 
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Finally the estimates (1511 ), flSTTSD and ( glgj) imply that, for < t < T, 

(5.17) ||v 3 (*)||i« < C g (|h(0)|||, + efexp(-7t)^ exp( 7 s)|«;(s)|? /2 k(s)|l /2 ds 
+ (g - l)(sup ||V(-A 2 )- 1 (M(P/( S )) 3 )||L +e- 2+ l T | W ( S )| 2 1/2 | W ( S )|| /2 d S ) 

« J(t-1)+ 

where (t- 1) + = sup(0,t- 1). □ 

Lemma 5.2. Lei u be a weak solution of the Navier-Stokes equations such that w = (I — 
M)u G L°°(0,T; Vp /2 ) n L 2 (0,T; 1/ p 3/2 ) and v = Mu G L°°(0,T; V p ) fl L 2 (0,T; y p 2 ). T/ien 
we /iaf e £/ie following estimate, for < 7 < z//ig 2 fl^d < t < T , 

(5.18) \v(t)\\ < \v(0)\l + KJsu V \\MFf(s)\\ 2 L2 

+ e~ 1 exp(- 7 t) / exp(7s)|u;(s)| 2 /2 |w(s)| 2 /2 rfs 
Jo 

Proof. We first recall the equation satisfied by that is, 

d t v - vAv + M(Bjv^v)) + M(Bj^w)) = M(Pf) . 
Taking the scalar product in L 2 (Q £ ) of the above equation with —Av and remarking, as 



111 



251 that 



/ (vVv)Avdx = / (vVv)Avdx — e I {vS/v)Av dx\dx 2 = 



'Q s JQ 
we obtain the equality 

(5.19) ldt\v\l + v\v\l+ I (wVw)(-Av)dx = [ Pf(-Av) dx . 
Since, by the estimate ( |2.7| ) of Lemma |2~T| , 

/ {vNw){-Av)dx < Ce- 1/2 \w\ 1/2 \w\ 3/2 \\Av\\ L 2 , 

we infer from ( |5.19| ), by using also a Young inequality, that, for < t < T, 

(5.20) d t \v{t)\\ + u\v(t)\l < 2u- 1 \\MFf(t)\\l 2 + 2u- 1 C 2 e- 1 \w{t)\\ /2 \w{t)\l /2 , 
or also 

(5.21) d t \v{t)\\ + < ^WMPfmh + 2v^C 2 e^\w{t)\\ /2 \w{t)\l /2 , 

A'o 

Integrating the inequality (|5.21|) and using the Gronwall lemma, we obtain, for < 7 < 
2 and for < t < T, 

(5.22) \v{t)\\ < e X p(-7t)|^(0)| 2 + -sup||MPf(s)ll! 2 

VI s 



+ 2u l C 2 e 1 exp(- 7 t) / exp(~fs)\w(s)\ 2 1/2 \w(s)\ 2 3/2 ds , 

Jo 
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which at once implies the estimate (|5.18 ) of Lemma |5.2| . □ 
Now we can prove Theorem [L 



Proof. Like in the proof of Theorem |1.1| , we consider a Galerkin approximation, using the 



first m eigenf unctions ipi, ip2, ■■■■,' l Pm of the Stokes operator A e . As in Theorem these 
eigenfunctions ipj are chosen so that, either ipj G MH p or ipj G (J — M)H p . Moreover, 
if the eigenvector ipj is independent of the third variable x 3 , it can be chosen so that, 
either ipj = Mipj = (Mipji, Mipj^, 0) or ipj = (0,0, Mipj 3 ). These properties imply that, 
if V m : Hp — > Hp denotes the projector onto the space V m generated by the first m 
eigenfunctions, then, for every s G [0,2] and for every u G V p s , the inequalities 

(5.23) \V m Mu 3 \ s < \Mu 3 \ s , \V m Mu\ s < \Mu\ s , 

as well as the inequalities ( f4.1|) hold. We recall that V m (I— M)w (resp. V m Muo) converges 

1 /2 

to (/ — M)uq (resp. Mu ) in V p (resp. V p ), as m goes to +00. 

Like in the proof of Theorem |1 . 1| , we know (see [Q, Chapter 8, for example, or ||26|| ) 
that, for every m G N, there exists a global solution u m G C 1 ([0, +00); V p fl V m ) of the 
equations (|1.11[) or also of (|1.20|) and (|1.21| ), where B £ is replaced by V m B £ and Pf by 



V m Pf and where the initial condition is u m (0) = V m (I — M)u + V m Muo = wom + ^om- 
Moreover, for every r > 0, u m and dtu m are uniformly bounded with respect to m in the 
spaces L°°(0, +00; H p ) fl L 2 (0, r; V p ) and L 4//3 (0, r; ^/') respectively. We want to show that 



this solution u m satisfies the additional estimates and properties given in Theorem [L3]. In 
order to simplify the notation, we drop the subscript m, when there is no confusion. Like 
in the proof of Theorem [O], we take the scalar product in L 2 (Q e ) of the modified equation 
(ELll) with A l l 2 w = (— A) 1//2 w and obtain the equality (|4.2|) . Applying the inequality (J2T 



of Lemma |2.1| , we have, for t > 0, 
(5.24) 

{wVw(-A)*w)(t,x))dx < iTi|w;(t)|i|Vw;(t)|i|(-A)^(t)|i < (7|iu(*)|i/ 2 |u;(t)l!/2 • 



In order to estimate the term Jg vVw((—A) l l 2 w)dx, we apply Lemma ^L4^ and obtain, for 
t>0, 

(5.25) 

ivVw(-A) l ' 2 w)(t,x)dx < ^ 1/2 k(t)|ih(t)|i/2h(t)|3/2 < CeV 2 \v$)\Mt)\l/2 ■ 
To estimate the third nonlinear term Jg wVv((—A) 1 ^ 2 w)dx, we can use the estimate ( |2.7| ) 



of Lemma |2.1| as follows, 

(wVv(-A) 1/2 w)(t,x)dx < K 2 e~ 1/2 \Vv(t)\o\w(t)\ 1/2 \(-A) 1/2 w(t)\i/2 



(5.26) 

Finally, like in the proof of Theorem PL we write, for t > 0, 
(5.27) f ((I - M)f(-A) 1/2 w)(t, x)dx < Cu~h\\{I - M)P '/(f)||| 2 + j\w(t)\\ 
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Due to the estimates Q, flOg) , fljTgg ), flOg ) and QQ7D , we have, for t > 0, 
(5.28) 

d t \w(t)\i/2 + 2(y - CiKOIi/a - ^X^WkWI^ < Ca^elK/ - M)J7(*)lli»- 

Due to the property (|4.1[ ) and to the hypothesis ( |1.29| ) on the initial conditions, where k x , 
k 2 are small enough, there exists a positive time T such that, for t G [0,T), 

(5.29) C x \w{fy\ 1/2 + C 2 e l l 2 \v{t)\ x < V - . 
and, that, if T < oo, 

(5.30) ^HT^ + C^ 1 ^^ = | . 

We shall show by contradiction that T = +oo. To this end, we shall estimate separately the 
terms |w(i)|i/2, and |u3(i)|i. The estimate of the term will be a consequence 

of Lemma |5.2| . 

We derive from the estimates (|5\28| ), QOg ) and (]O0D that, for t G [0, T], 

(5.31) W)| 2 /2 + ~Kt)| 2 /2 < ^- 1 s||(/-M)P/(t)|| 2 L2 , 



dt\w{t)\ 2 1/2 + ^e-X~ 2 h(*)l?/2 < ^k(t)|? /2 + - A 6- 2 K^\w(t)\\ /2 + ^|^(t)|§ /2 



which in turn implies that 
(5.32) 



<C^e\\(I-M)Pf(t)\\h 



The Gronwall lemma then gives, for t G [0,T], 



(5.33) \w{t)\\ /2 < exp(-V 2 K - 2 t)|«; | 2 /2 + C 4 z/-Vsup||(/-M)P/( S )||i 2 . 

£ s 

On the other hand, integrating the inequalities (|5.32|) , we get, for < 7 < jS~ 2 Kq 2 and 
for < h < t 2 < T, 



v f 2 

(5.34) |tw(* 2 )|i/ 2 + exp(-7t 2 )- / exp(7s)|w(s)| 2 /2 c/s < exp(-7(t 2 - tj) \w(ti) \\ /2 

+ C 3 ( 7 ^)- 1 (l - exp(- 7 (t 2 - t x )))e sup || (/ - M)P/» ||i 2 



We now fix a positive number 7, satisfying < 7 < inf(j^-, |e 2 i^" 2 ). We deduce from 

the estimates (|5.33|) and ( |5.34|) that, for t G [0, T], 

(5.35) 

exp(- 7 t) / exp( 7S )H S )| 2 /2 H S )| 2 /2 ^ < \w Q \\ + C 3 C 4 7~ 1 z/~ 3 £ 4 sup - M)Pf(s)\\%, 

J0 2 s 

+ \wo\l sup II (/ - M)Pf(s)\\UC A v- 2 e 3 

+ CsM'Ml - exp(-Tt)) exp(-^- 2 ^ - 2 t)] 
< C 5 \w \i + C 6 sup ||(/ - M)Pf(s)\\U^ + e 2 E(t)) , 
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where E(t) = (1 — exp(— •yt)) 2 exp(— ve~ 2 KQ 2 t) . On the one hand, we remark that, for 
t > t £ , where t £ = —2e 2 Kq i/^lne, E(t) < e 2 . On the other hand, for t < t £ , we notice 
that E(t) < (1 — exp(— yt)) 2 < yH 2 < Ce 2 . From these remarks and from the estimate 
( |5.35| ), we finally infer that, for t G [0, T], 

(5.36) exp(-7t) / exp(js)\w(s)\l /2 \w{s)\l /2 ds < eD x , 

Jo 

where D x = C 7 (e~ >„|? /2 + e 3 sup s - M)Pf(s)\\ 4 L2 ). 

Lemma |5T2"| the inequality ( [5.36D and the property ( |4.1| ) imply that, for t G [0, T], 

(5.37) \v{t)\\ < D + Dt, 

where D = |5T |? + C 8 sup, ||M(P/)(s)||| a . 

It remains to estimate the term |i> 3 (t)|i. Taking the scalar product in L 2 (Q £ ) of the 



modified equation (|5.3|) with A £ v 3 , applying the estimate (|2.7p of Lemma [271] as well as the 
estimate (|2.19| ) of Lemma 2.5 , we obtain, for t G [0,T], 

d t \v 3 (t)\l + 2u\v 3 (t)\l < 2\v 3 (t)\ 2 (\\V m M(PfUt)\\ L i 

+ K 2 e- 1/2 \w(t)\ 1/2 \w(t)\ 3/2 + KQS~ l l 2 \v(t)\i\v2,(t)\ij , 

or also 

(5.38) $h(*)|? + ^h(*)|? < dt\vs(t)\\ + 2v\va(t)\% < 

< C 9 Z,- 1 (||P m M(P/) 3 (t)||| 2 +5->(t)|? /2 | W (t)|^ + 6- 1 |^)|>3WlD • 

By integration, it follows from ( |5.38| ) and ( |5.23| ) that, for t G [0,T], 

(5.39) \v 3 (t)\l < exp(- 7 t)|t;3(0)|? + C 9 ^ 1 (7^sup||M(P/)3( S )||i 2 

+ e~ 1 exp(-7f) / exp(is)\w(s)\l /2 \w(s)\l /2 ds 
Jo 

+ e^ 1 exp(— 7*) sup |w(s)| i / exp(7s)|t> 3 (s)|i<i,s 
s Jo 

We infer from Q, ( g3g ), and (|CT|) that, for t G [0,T], 

(5.40) |« 3 (*)|? < \v 3 (0)\l + C 10 (sup\\M(Pf) 3 (s)\\ 2 L2 +D 1 + (D + D 1 )D 2 
where 

(5.41) P 2 = e- 1 (||t;3(0)||i 2 + supp- 1 / 2 (M(P/)3( S ))||i 2 ) • 
Finally, the inequalities ( |5.37| ) and ( |5.40| ) give, for t G [0,T], 

(5.42) < | W 3(0)|2 + J D + J D 1 + C 1 o(sup||M(P/) 3 ( S )||i 2 + D 1 + (D + D 1 )D 2 ^ . 
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If k\, k2, k 3 , fc 4 , fc 5 and k% are small enough, the properties (|4.1| ), (|5.23|) , the hypotheses 
( |L29| ) and ([QDI) together with the estimates ([Hp and (|5~i2D imply that, for t G [0,T], 

(5.43) diw^ivs + ^Xr)!! < ^ , 

which contradicts the equality (|5.30| ). It follows that T = +00. 

We have just proved that, under the hypotheses Q1.29Q and ( |1.30|) , for any m G N, the 
solution u m G C 1 ([0, +00); V m ) of the modified Navier-Stokes equations (|1.11| ) with initial 
data u m (0) = V m u 0m satisfies 

(5.44) sup(\w m (t)\ 1/2 + e 1/2 \v m (t)\i) < C n , 



where Cn is a positive constant independent of £ and m. Integrating the inequalities (|5.31| ), 
( |5.20| ) and (|5.38|) and using the estimates (|5.44| ), (|5.37| ), ( |5.6|) as well as the hypotheses 
( |1.29| ) and (|1.30|) , one also shows that, for any t G [0, +00), 



(5.45) 



(km(s)|3/ 2 +e\v m (s)\l)ds < e l C 12 t 



where C12 is a positive constant independent of e and m. 

Like in the proof of Theorem |1 . 1| , a classical argument (see ||, Chapter 8 or |26|) together 
with the estimates (|5.44| ) and ( |5.45| ), shows that u = \im m ^ +00 u m belongs to the space 



L°°(0,oo;^ p 



l/2x 



nL 2 oc ([o,oc) 



Vp^ 2 ), is a weak Leray solution of the equations ( |1.11| ) with 
initial data u(0) = u and that Mu G L°°(0, 00; V p ) fl Lf oc ([0, 00)] VI 2 ). The uniqueness of 



the solution u follows from Theorem |3.1| . Arguing as in Remark |3.1| , we actually show that 
d t u belongs to L 2 OC ([0, 00); V p l ^ 2 ). Indeed, we deduce from the equality (|3.1|) , Lemma ^Ll 



and Remark [2.1| that, for any t > 0, for any (f G L 2 (0, t; V f 



1/2, 



/ / (mV«)(s, x)ip(s, x) dxds < C £ 

JO JQr 



L^(0,t;Vp /2 ) \\ U '\ L 2 {0,t-,Vp /2 y^ L 2 (0,t;Vp /2 ) ' 



which implies that mVm belongs to L 2 OC ([0, oo); V v 



-l/2x 



It follows, since Am and Pf also 



belong to this space, that d t u belongs to L 2 OC ([0, 00); V p 1 ^ 2 ). As u G L 2 OC ([0, 00); V l 
Hl oc ([0,oc);V p - 1/2 ),u 



3/2 X 



n 



is also in the space C°([0, +00); V p ^ 2 ). The vector v = Mu actually 



lies in the space C°([0,+oo);V p ). Indeed, applying the estimate 
Remark 2~T , we obtain, for t > and (p G L 2 (0,t; H p ) 



of Lemma 12.11 and 



(vVv + wVw)(s, x)M(f(x) dxds 



JQ 



< C £ (\\v\ 



-'(0,t;V p 1/2 y\ V \\L 2 (0,t-,Vp /2 ) 



l W ( S )ILoc ( o, ti yV 2) lk(s)l| i2( o )t; y//2))lk||L 2 (O lt ;^) , 

v,w) belongs to the space L 2 OC ([0, 00); H p ). As 
v G L 2 OC ([0, 00); V 2 ) and Pf G L 2 oc ([0,oo); H p ), we deduce from the equation ( |1.20[) that 
d t v G L 2 OC ([0, oo); H p ) and thus that v G C°([0, +00); V p ). □ 



which implies that MB e (v,v) + MB £ 



In some sense, we can improve the global existence results given in Theorem |1.3| , if, in the 
various estimates, we also take into account the L 9 -norm of V3, where, for instance, q > 3. 
The hypotheses in the following theorem are rather involved, but, in the applications, it 
allows to take larger initial data and forcing terms. 
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Theorem 5.1. Let Eq > be fixed. For any real number q > 2, there exist positive 
constants fci(g), ^(g), k^q), k±{q), k 5 (q) and k 6 (q) such that, forO < e < e , if the initial 

data (Mu , (I - M)u ) eV p x V p l/2 and the force f G L°°(0, oo; (L 2 (Q £ )) 3 ) satisfy 



(5.46) 



|M« |i < h^e" 1 / 2 , \(I-M)u \ 1/2 < k 2 {q) 

supllMP/^H^ < h(q)E- l '\ sup ||(/ -M)Pf(t) \\ L 2 < k A {q)e- 1 
t t 

||M M o3|U 9 +sup||V(-A 2 )- 1 (MP/ 3 )(t)||L, < h{q)e~ 1+3 ^ , 



and the additional condition 

(5.47) (e^dlMttosllw + sup \\V(-A 2 )- 1 (MPf 3 )(t)\\ Lq ) + |(I - M)u \ 2 1/2 

+ e 2 sup\\(I-M)Pf(t)\\ 2 L i) x fe 1 / 2 (|M M 3o|i + sup||M(P/) 3 (t)|U 2 )+A N ) < h(q) 



where Ao has been defined in Theorem \1.3j , then there exists a global solution u{t) G 
C°([0, oo); Vp /2 ) nL°°(0, oo; Vp 1/2 ) H L 2 OC ([0, oo); V p 3/2 ) o/ (JO^) w/mc/i unique in the class 
of weak Leray solutions. Moreover, Mu G C°([0, oo); V^) D L°°(0, oo; V^,) fl £ 2 OC ([0, oo); V 2 ) 



and u{i) satisfies the estimates (\5.33\) , t \5.3ty , (\5.5Q) and ( |5. 60j ), for every t > 0. 



Proof. We use the same Galerkin basis as in the proof of Theorem so that the prop- 
erties ( |4.1| ) and ( [5.23D hold. Since ? m M« converges to Mu in Vp, V m Mu 03 also con- 
verges to M«o3 in L q (Q). Hence, there exists mi = mi(e,q) such that, for m > mi, 
UPrnM-uoslU^n) < 2||Mu 3||L9(n) and thus that 

(5.48) ||PmM«o 3 ||M(Q £ ) < 2||M«03|| L , ( Q e) . 

Likewise, for any t G [0, +oo), P m V(-A 2 ) _1 (MP/ 3 )(t) converges to V(-A 2 ) _1 (AfP/ 3 )(t) 
in L q (£l), when m goes to +oo. But, since {V(— A 2 ) _1 (MP/)(t) 1 1 G [0, +oo)} is abounded 
set in Vp, {V(-A 2 ) _1 (AfP/ 3 )(t) |£ G [0,+oo)} is a compact set in L q (Q) and thus, there 
exists m 2 = m 2 (e, g) such that, for m > m 2 , for £ G [0, +oo), 

||P m V(-A 2 )- 1 (MP/ 3 )(t)|| i9(f , ) < 2sup||V(-A 2 )- 1 (MP/ 3 )(t)|| L9(f , ) , 

t 

and 

(5.49) ||P m V(-A 2 )- 1 (MP/ 3 )(t)|| L , (Q£) < 2sup||V(-A 2 )- 1 (MP/ 3 )(t)|| L , (Q£) . 

t 

We set m = sup (mi, m 2 ). Like in the proof of Theorem |1.3| , for every m > m , we know 
that there exists a global solution u m = v m + w m = Mu m + (I — M)u m of the equations 
( |1.11| ), where B £ is replaced by V m B> £ and Pf by V m P f and where the initial condition is 
Wm(0) = V m uo = wo m + vo m . We shall prove a priori estimates on the solution u m . We 



again drop the subscript m, when there is no confusion. Like in the proof of Theorem |L3 
taking the inner product in L 2 {Q e ) of the modified equation ( |1.21| ) with A 1 l 2 w, we are led to 
estimate f wVw((—A) 1 / 2 w)dx, j Q vVw((—A) 1 / 2 w)dx and j Q wVv((—A) 1 / 2 w)dx. The 
estimate of the first term does not change and is given in ( [5.241 ). Decomposing v into v + t> 3 
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and applying the inequality Q5.25|) to v, we can write, for t > 0, 
(5.50) 



(vVw(-A) 1/2 w)(t,x)dx < Ce 1/2 \v(t)\ 1 \w(t)\ 2 3/2 + 



{y 3 d X3 w(—A) l ^ 2 w){t, x)dx 
But an anisotropic Holder inequality and Lemma |2J| imply that, for t > 0, 

(v 3 d X3 w(—A)^w)(t,x)dx < Ce-«\\v 3 (t)\\ Lq \\{-A)^w(t)\\ 2*Jd X3 w(t)\\ * a 



Li- 



Li- 



< Ce"\\v 3 (t)\\ Lq \w(t)\ 2 1+1/q , 
or also, due to the Poincare inequality for w, 



(5.51) 



(v 3 d X3 w (-A) 1/2 w)(t, x)dx < Ce^Wv^Wl^w^ 



3/2 • 



To estimate the third term, we again write v as v + v 3 , apply the inequality (|5.26|) to v and 
remark that J Q wVv 3 ((—A) l l 2 w 3 )dx — — J t> 3 iu(V((— A) l l 2 w 3 ))dx, which implies that, 
fort>0, 



(5.52) 



(wVv(-A) 1/2 w)(t,x)dx < Ce 1/2 \v(t)\ 1 \w(t)\ 2 3/2 + 



Qe 



(wVv 3 (-A) 1/2 w 3 )(t, x)dx 



< c[eW\v{t)\ x \w{t)\l /2 + \w 3 (t)\ 3/2 \\(-A) 1 /\wv 3 )(t)\ 



L 2 



It remains to bound the term || (— A) 1 ^ 4: (wv 3 ) ||^2. A quick computation using Fourier series 
shows that we have, for any h G H p (Q e ), 

\\{-Af'%\\ L , < || ||(-A 2 ) 1 / 4 / i || L , /(n) || Li3(0i£) + || IK-^J^H^^II^w • 

Since v 3 is independent of x 3 , it follows from the above inequality that 



(5.53) \\(-A)^(wv 3 )\\ L , < C(||||(-A 2 )^(,;3 W )|| L , ;(n) || ii3(0i£) 

+ lk3||(-^3) 1/4w IUl 3 (o, £ )ll^,(n) 

But, the Holder inequality, Lemma |2.2| and the Poincare inequality ( |2.2|) imply that 
(5.54) 

\\v3\\(-di iX ^w\\ L i i{0 ,e)\\Ll,(n) < C\\v 3 \\ Lqm \\{-dl iX ^w\\ L 2 q / {q - 2) ,2 < Ce l ~*\\v 3 \\ Lq \w\3 . 

On the other hand, applying the periodic version of the multiplication property given in 
Theorem 5.1 of flTEf, we can write, 



i-A^v^ii^ii^ < C {j (IK-A^vsili^lkii^,^^ 

+ ll(-A2) 1/4 w||^/( 9 -2) (f7) ||^3||L(n))^3) 
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where r = —^L. Using the two-dimensional Sobolev embedding theorems, we infer from the 

above estimate that 

(5.55) 

II ll(-A 2 ) 1/4 (^)||^(n)lli i3 (o, £ ) < C( r(||(-A 2 ) 1 /\ 3 ||^(a)ll(-A2) Sl/2 ^|| 2 L , ;(n) 

** 

+ ||(-A 2 ) 1 /^/^||^ (n) ||, ;3 ||2 9(n)Mx3)) 
where s± = 2/r and s 2 = 2/q. Applying then the following Gagliardo-Nirenberg inequality 



sec 



or 



-A 2 ) 1/4 v 3 \\ L r {n) < C g \\v 3 \\% 2 m \ 



-A 2 )V^ 3 ||V/ f 



L 2 (Q) 



we deduce from (|5.55| ) that 
III 

(5.56) 



A 2 ) 1/4 (f 3^) ||z£,(fi) IUi 3 (0,e) < C 9 (|k3||l{ 2 (n) ||(-A 2 )^ 3 ||V 2 (n) ||(-A)^/^|U 2 



-A) z +1 iw\\ L 2] 



< C q [e± 2q \\v 3 \\l q \v 3 \l + e «\\v 3 \\ Lq )\w\ 3/2 



Finally, due to the estimates ([T2|), ( ^50|) , ([53ID , ( g3g ), (|53^ ), ( gjg|) and ( |536|) , the 
solution u m = w m + f m satisfies the following inequality, for t > 0, 



3// 



d t |w m (t)| 2 /2 + 2 — - Ci|w m (t)| 1/2 - C 2 eV 2 \v m (t)\ 



i - c^e: 1 3/q \\v m3 



Li 



c 2q e^-^\\v m3 



1/2, 
L9 I 



^m3Wll /2 )k m (t)|3 /2 



< C3^ 1 e||(/-M)P/||| 2 . 

Since u m {t) belongs to the space C°([0, r); V^ 2 fl V m ), we infer from the properties (fill), 
( |5.23j ), ( |5.48| ) and the hypothesis Q5.46| ) on the initial conditions, where ki(q), k 2 (q), k$(q) 
are small enough, that there exists a positive time T such that, for t G [0,T), 

(5.57) 

Ci\w m {t)\i + C 2 ei\v m (t)\i + c lq e "\\v m3 (t)\\ Lq + c 2q e* 2 ? \\v m3 (t) \\ 2 Lq \v m3 (t)\l <-, 
2 z 

and, if T < +oo, 
(5.58) 

d|w m (T)|i + Cae^l^CT)!! + c^ 1 "! ||^ 3 (T) || i<? + c 2<7 e^-^ ||^ 3 (T) ||f q |^ m3 (T) | f = ~ , 

2 A 

Then, as shown in the proof of Theorem jO) , w m (t), v m (t) and t> m3 (t) satisfy the estimates 
(p|), ([Op , (|Q5D , ( ^36|) , ( CT) and ( gj^ ), for t G [0,T]. Moreover, we deduce from 
the inequalities (|5.2j ), (|5.36| ) and the property (|5.49|) , that, for t G [0,T], 

(5.59) H^WIIl, < C'(g)(||t;o3||L,+sup||V(-A 2 )- 1 (M(P/( S ))3)|| L ,+£- 1/2+3/ ' ? J D 1 1/2 ) . 

s 

Using the estimates ( p.33[ ), ( |5.37| ), Q5.40| ) and Q5.59| ), one shows that, if the hypotheses 
( |5.46| ) and ( |5.47| ) are satisfied for sufficiently small constants ki(q), k 2 (q), k 3 (q), k^q), 
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k^iq) and fc 6 (g), then, for t G [0, T], 



Cl|u> m (t)|x + C 2 e^\v m (t)\i + CxqS 1 "\\Vm3 



3 3 

li + c 2q e I ~^\\v m3 



V 



which contradicts the equality (|5.58|) . It follows that T = +oo. Thus, we have proved 
that, under the hypotheses ( |5.46| ) and ( 5.47 ), for every integer m, m > mo, the solution 
u m G C 1 ([0, +oo); V m ) of the modified Navier-Stokes equations ( |1.11| ) with initial data 
^m(O) = V m Uo satisfies 



(5.60) sup [\w m (t)\i +e*\v m (t)\i + e 1 «\\v m3 



*«\\v m3 



Vm3(t)\!) <C 



where C is a positive constant independent of e and m. We now finish the proof, by arguing 
as in the proof of Theorem |1.3| . □ 
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